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In the present Treatise I have endeayoiired to lay before the 
reader in a connected form, the results of the most important in- 
vestigations in the mathematical theory of Hydrodynamics, which 
have been made during modem times. The Science of Hydro- 
dynamics may properly be considered to include an enquiry into 
the motion of all fluids, gaseous as well as liquid ; but for reasons 
which are stated in the introductory paragraph of Chapter I., 
the present treatise is confined almost entirely to the motion 
of liquids. The progress of scientific knowledge in all its 
branches has been the peculiar feature of the present century, 
and it is therefore not surprising that during the last fifty years 
a great increase in hydrodynamical knowledge has taken place ; 
but many of the most important results of writers upon this 
subject have never been inserted in any treatise, and still lie 
buried in a variety of British and foreign mathematical periodicals 
and transactions of learned Societies ; and it has been my ni m to 
endeavour to collect together those investigations which are of 
most interest to the mathematician, and to condense them into a 
form suitable for a treatise. 

The present work is divided into two volumes, the first 
of which deals with the theory of the motion of fidctionless 
liquids, up to and including the theory of the motion of solid 
bodies in a liquid. In the second volume, a considerable portion 
of which is already written, it is proposed to discuss the theory of 
rectilinear and circular vortices ; the motion of a liquid ellipsoid 



IV PREFACE. 

under the influence of its own attraction, including Professor 
G. H. Darwin's important memoir on dumb-bell figures of equi- 
librium ; the theories of liquid waves and tides ; and the theory 
of the motion of a viscous liquid and of solid bodies therein. 

References have been given throughout to the original autho- 
rities which have been incorporated or consulted ; and a collection 
of examples has been added, most of which have been taken from 
University or College Examination Papers, which have been set 
during recent years. 

The valuable report of Mr W. M. Hicks on Hydrodynamics, to 
the British Association in 1881 — 2, has proved of great service in 
the diflBcult task of collecting and arranging materials. I have 
also to express my obligations to the English treatises of Dr 
Besant and Professor Lamb, from the latter of which I have 
received considerable assistance in Chapters IV. and VI. ; and also 
to the German treatise of the late Professor Kirchhoff. 

I am greatly indebted to Professor Greenhill for his kindness 
in having read the proof sheets, and also for having made many 
valuable suggestions during the progress of the work. 

In a treatise which contains a large amount of analytical 
detail, it is probable that there are several undetected errors; 
and I shall esteem it a favour if those of my readers who discover 
any errors or obscurities of treatment, or have any suggestions to 
make, will communicate with me. 



United University Club, 
Pall Mall, East. 
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CHAPTER I. 



HYDROKINEMATICS. 



1. The science of Hydrodynamics may be divided into two 
separate branches, viz. the motion of liquids and the inotion of 
gases. The chief interest arising from the latter branch of the 
subject is due to the fact that air is the vehicle by means of 
■which sound is transmitted, and consequently the discussion of 
special problems relating to the motion of gases belongs to the 
theory of sound rather than to hydrodynamics ; it must also be 
recollected that in order to deal satisfactorily with many problems 
connected with the motion of gases, it is necessary to take into 
account changes of temperature and other matters which properly 
belong to the science of thermodynamics. In the earlier chapters 
of the present treatise the general theory of the motion of fluids 
is discussed, including those peculiarities of motion which are 
alike common to liquids and gases ; but the subsequent chapters 
are limited almost entirely to the consideration of special problems 
relating to the motion of liquids. 

In ancient times very little advance in hydrodynamics appears 
to have been made. In modem times the earliest pioneers were 
Torricelli and Bernoulli, whose investigations were due to the 
hydraulic requirements of Italian ornamental landscape gardening; 
but the first great step was taken by D'Alembert and Euler, who 
in the last century successfully applied dynamical principles to 
the subject, and thereby discovered the general equations of 
motion of a perfect fluid, and placed the subject on a satisfactory 
The discovery of the geiieral equations of motion was 
followed up by the investigations of the great French mathe- 
maticians Laplace, Lagrange and Poisson, the first of whom has 
left us a splendid memorial of his genins in his celebrated Theory 
of the Tides. 
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2 HYDROKINEKATICS. 

The next advance was made by Poisaon' and Green"; the 
former of whom in 1831 discovered the velocity potential due 
to the motion of a sphere in an unlimited liquid, and the latter 
of whom in 1833, without a knowledge of Poisaon'a work, discovered 
the velocity potential due to the motion of translation of an 
ellipsoid in an unlimited liquid. Green's investigation was com- 
pleted for the case of rotation by Clebsch' in 1866. 

The velocity potential due to the motion of a variety of cylin- 
drical surfaces has also been discovered during the last fifteen 
years; but a similar advance has not been made as regards the 
motion of two or more solids. The kinetic energy of a liquid due 
to the motion of two cylinders whose cross sections are circular, 
has been obtained by Hicks' and G^eenhill^ The former has also 
written several valuable papers on the motion of two spheres*, 
which have placed this problem in a perfectly satisfactory con- 
dition, A complete discussion of the motion of two oblate or 
prolate spheroids whose exeentricities are nearly equal to zero or 
unity, would he an attractive subject for investigation, and would 
throw light on the motion of two ships saihng alongside one 
another. 

In 1845 Professor Stokes' published his well-known theory of 
the motion of a viscous liquid, in which he endeavoured to account 
for the frictional action which exists in all known liquids, and 
which causes the motion to gradually subside by converting the 
kinetic energy into heat. This paper was followed up in 1850 by 
another^ in which he solved various problems relating to the 
motion of spheres and cylinders in a viscous liquid. Previously to 
this paper no problem relating to the motion of a solid body in a 
liquid had ever been solved, in which the viscosity had been taken 
into account. 

Since the time of Lagrange the essential difference between 
the motion of a fluid when a velocity potential exists and when it 
does not exist had been recognised ; and an opinion very generally 

1 Mim. de VAcad. de$ 3ciencei. Paris, vol. n. p. 521. 
' Tratu. Roy. Soe. Edinbargh, vol. ini. p. 54. 

* OrelU, vol, lii. p. 119. 

' Cuun. Joura.,Tol.5(Ti.pp. 113and 193. 

* Ibid. vol. xvin. pp. 3S6— 362, 

* Proe. Camb. Phil. Soc, vol. ui. p. 276, vol. iv. p. 29, and Phil. Trans., 1880. 
' IVaTW. Camb. Phil. Soc, vol. vm. p. 287. 

' Ibid. to]. II. part II. p. 8. 
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INTRODUCTION. 3 

prevailed that if at any particular instant some particular portion 
of the fluid were moving in such a manner that a velocitj poten- 
tial existed, the subsequent motion of this same portion of fluid 
would always be such that the component velocities of its ele- 
ments would be derivable from a velocity potential. The first 
rigorous proof of this important proposition was given by Cauchy, 
and a different one was subsequently given by Stokes', but until 
the year 1858 no complete investigation respecting the peculiari- 
ties of rotational motion had ever been made. This was effected 
by Helmholtz' in his celebrated memoir on Vortex Motion, which 
may perhaps be considered the most important step in hydro- 
dynamics which has been made during the present century. The 
same subject was subsequently taken up by Sir W. Thomson* and 
the theory of polycyclic velocity potentials fully investigated. 
During the last six years important additional investigations on 
the theory of vortex rings have been made by Hicks' and J. J. 
Thomson'. 

The last twenty years have witnessed a great advance in 
hydrodynamics, and numerous important papers have been written 
by many eminent mathematicians both British and foreign, 
which will be considered in detail in the present work. 

We shall now proceed to consider the definitions and principles 
of the subject. 

2. A fluid may be defined to be an aggregation of molecules, 
which yield to the slightest effort made to separate them from 
each other, if it be continued long enough. All iluids with which 
we are acquainted may be divided into liquids and gases ; the 
former are so slightly compressible that they are usually regarded 
as incompressible fluids, whilst the latter are very highly com- 
pressible. 

A perfect fluid is one which is incapable of sustaining any 
tangential stress or action in the nature of a shear ; and it will be 
shown in the next chapter that the consequence of this property 
is, that the pressure at every point of a perfect fluid is equal 
iB all directions, whether the fluid be at rest or in motion. A 

Tram. Comb. Phil. Soc., vol. Tin. p. 305. 

CrdU, vol. LT. p. 35 ; tcanalated by Tait, PM. Mag. (i) ixini. p. IBS. 

Tram. Roy. Soe. Edin., vol, isv, p, 217, 

Phil Trans.. 1881, 1884 and 1885. 

Adame' Prtie Essay, 1889. 




HYDROKINEMATICS. 

perfect fluid is however an entirely ideal substance, since all fluids 
with which we are acquainted are capable of offering resistance to 
tangential stresses. This property, which ia known as viscosity, 
gives rise to an action in the nature of friction, by which the 
kinetic energy is gradually converted into heat. 

In the case of gases, water and many other liquids, the effects 
of viscosity are small ; such fluids may therefore he approximately 
regarded as perfect fluids. It will therefore be desirable to com- 
mence with the study of the motion of perfect fluids, reserving 
the consideration of viscous fluids for the second volume. 

There are certain kinematical propositions which are true for 
all fluids, and which it will be convenient to investigate befoie 
entering upon the dynamical portion of the subject. These 
propositions form the subject of the present chapter. 

3. The motion of a fluid may be investigated by two different 
methods, the first of which is called the Lagrangian method, and 
the second the Enlerian or flus method, although both are due to 
Euler. 

In the La^angian method, we fix our attention upon an 
element of fluid, and follow its motion throughout its history. 
The variables in this case are the initial coordinates a, b, c of the 
particular element upon which we fix our attention, and the time. 
This method has been successfully employed in the solution of 
very few problems. 

In the Eulerian or flux method, we fix our attention upon a 
particular point of the space occupied by the fluid, and observe 
what is going on there. The variables iu this case are the 
coordinates x, y, z of the particular point of apace upon which we 
fix our attention, and the time. 

Velocity and Acceleration. 

4. In forming expressions for the velocity and acceleration of 
a fluid, it is necessary to carefully distinguish between the 
Langrangian and the flux method. 

I, The Langrangian Method. 
Let M, V, V! be the component velocities parallel to fixed axes, 
of an element of fluid whose coordinates are x, y, z and aj + Sjc, 
p + Sy, r + Sx at times ( and f + Si respectively, then 

u = dxldt = x, v = y, w = z (1), 
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VELOCITY AND ACCELERATION. 



[where in formiDg w, y, z we must suppose ar, y, z to be expressed in 
terms of the initial coordinates a, 6, c and the time. 
Tel( 
wot; 
relfx 



I 



If the axes, instead of being fixed, were moving with angnlar 
r Teloeities ^,, Q^, B^ about themselves, the component velocities 
would be given by the equations. 

It should be noticed that m, y, z are the velocitiea of the fluid 
I relative to the moving axes. 

The expressions for the component accelerations are 

/. = « = *,/. = !/,/.-i- (3), 

when the axes are fixed, and 

when the axes are in motion. Here u, v, w must be supposed to 
be expressed in terms of a, b, c and (. 

II. The Flux Method. 

5. Let SQ be the quantity of fluid which in time Si flows across 
any small area A, which passes through a fixed point P in the 
fluid ; let p be the density of the fluid, q its resultant velocity, and 
e the angle which the direction of q makes with the normal to A, 
drawn towards the direction in which the fluid flows. Then 
hQ = pqAhtco&e, 

therefore q = — -, -r- ■ 

'■ p A COB e at 

Now .4 cose is the projection of A upon a plane passing 
through P perpendicular to the direction of motion of the fluid ; 
hence hQ is the independent of the direction of the area, and is 
the same for all areas whose projections upon the above-mentioned 
plane are equal. Hence the velocity is equal to the rate per unit 
of area divided by the density, at which liquid flows across a plane 
perpendicular to its direction of motion. 

The velocity is therefore a function of the position of P and 
, the time. 

We may therefore put u = F(x, y, z, t); whence if the axes 
fixed, and if m + 6m be the velocity parallel to x at time t-\-ht 
the element of fluid which at time t was situated at the point 

F(te + uBt, y + vU, z + wU, t + St)- F{x, y, z, t). 
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Therefore the acceleration, 



du 



Bl dt dx dy dz ' 
Hence if 3/3i denotes the operator 

djdt + udldx + vdjdy + uid/dx, 
the component accelerations will be given by the equations 



/. 



du 



f = ~ f 

J- -1,4' J- 



dw 



..(5). 



When the axes are in motion let w + Su be the component 
velocity at time ( + Bt, parallel to the new position of the axis of x, 
of the element which at time t was situated at the point x,y,s; 
then if U, V, W he the component velocities relative to the axes, 

Sm = F{x + mt, y + VU, z + Wht, t\U)- F{a:, y, z, t). 
Therefore 



du .. dti 
dt dx 



rdu , 



WZ 



where the values of U, V, W are given by (2). Hence if d/dt 
denote the operator d/dt + JJdjdx + Vdjdy + Wdjdz, the com- 
ponent accelerations parallel to the moving axes are given by the 
equations 



,./.= 



-w^, + wi9,, /,= 



-u5, + vfl,...(6). 



Similarly it can be shown that if or, 6, z be cylindrical coordi- 
nates, and u, V, w be the component velocities measured in the 
directions in which the former quantities increase. 



/•■ 
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./•=F + i;'/.= 



■ ■(11 



where 



_ __ ^d 
3( dt d^s Tn dd dz' 
If (r, d, tf>) be polar coordinates and u, v, w be the velocities 
measured in the directions in which these quantities increase, 
_du v'' + ic 
"0( T 



/r = 



. fo- 



- cot 0, 



/• = i + 



dw uw uv 



..(8), 
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The Equation of Continuity. 

1. Before proceeding further, it will be convenient to intro- 
duce the following lemmEu which ia a particular case of Green's 
Theorem, which will be considered more fully in Chapter IV. 

Let f, ij, ir &e any functions of x, y, z, which are finite and 
continuous at all points within a closed surface S, then. 

///(S+s|+s) *'**=//('?+»"' + ''" ''^•■■W' 

where the triple integral exienda throughout the volume enclosed 
hy 8, and the double integral is taken over the surface of 8, and 
I, m, n and the direction cosines of the nortnal at any point of 
8 drawn outwards. 

Integrating the left-hand side of (9) by parts we obtain 



///§<!.*<!.. [//frf,i 



where the brackets refer to the limits of integration. Now since 
the surface jS is closed, it follows that any line parallel to x which 
enters the surface a given number of times must issue from it the 
same number of times, hence if I is positive at the point of 
entrance, it must be negative at the corresponding point of exit; 
hence 

where the integration with respect to 8 extends over the whole 
surface. Treating the other two terms in a similar manner we 
obtain the theorem in question. 

8. If the motion of a fluid be continuous, it is evident that 
the increase in the amount of fluid within a fixed space, which 
takes place during any given interval, must be equal to the amount 
which flows in across the boundaries of that space. 

Let p be the density of the fluid at time t, then the increment 
during an interval Bt in the mass of the fluid bounded by any 
fixed surface S, 




^Sll 



^ Uiicdydz. 



The amount of fluid which flows into S across the boundary, 
= - Up {lu + m» + m) U dS, 

fjd{pu)^d(gv)^d(p^)l^ 



///r 



j- htdxdijdz, 
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by (9). Equating these two values of the iQCrement, we obtain 

dp ^ d(fiu) ^ d(pv) ^ d(pw) ^^ 

dt dx dy ds 

This equation is usually called the equation of continuity. 
In the caae of a liquid p is constant, whence 
du 




.(11). 



da; dy dz 

9. The same result ia often obtained in a different i 
which we shall illustrate by finding the equation of continuity of a 
liquid referred to polar coordinates. 

Let w, II, w be the velocities in the r, 9, directions, and let 
I'miBbrhdh^ be a small element of volume. The quantity of 
liquid which in unit of time flows in across the face r' sin 8B0B<j> 
= pur^ sm6t8h^. 
The quantity which flows out across the opposite face 

= pur' sin ehd^ + psme-- (r'u) SrBeB<j>. 
Hence the total loss 

Equating the total loss due to the flow across all the faces of 
the element to zero, we obtain 

. d (r'w) d (v sin 6) 

If cylindrical coordinates are employed, the equation ii 

^('gt) I dv _^^^^Q 

dvT dd dz 

10. In a large and important number of problems the quan- 
tity Wa; + vdy -I- wdz is a perfect differential d^, whence 

u = dtfi/das, V = dtf>/dy, w — di^jdz ; 
hence if ds be a linear element drawn in any direction, and q be 
the velocity in the same direction q = d<fijds. The function tj> 
is called the velocity potential. 

Substituting the above values of u, v, w in (11), we obtain 

dx* dy'' dz' 
V'0 = 0. 



sin - 



= 



-(12). 



..(13). 



..(14), 
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This equation is usually known as Laplace's equation, and the 
operator V* as Laplace's operator. 

The values of V^ in polar and cylindrical coordinates are re- 
spectively, 

dr''^ rdr'^ r'de' -" ^^ + ^o;^« /) ^^«-A^^J' 



and 



^ <JP 1 d 
(Ztsr' w dw 






.(16). 



r- c?^ r» sin" ^ d(l>' 

d(^^ de 

These results may be readily obtained by substituting the 
values of u, v, w in terms of <^ in (12) and (13). 

11. The preceding forms of the equation of continuity are not. 
convenient when the Lagrangian method is employed. To find an 
appropriate form, consider a small rectangular parallelepiped 
whose diagonal is PQ. Let a, 6, c, a 4- Sa, 6 + S6, c-\-hc be the 
coordinates of P and Q respectively. At the end of a time t, the 
fluid of which the parallelepiped is composed will form a dif- 
ferently situated oblique-angled parallelepiped. The volume of 
the latter =JBaBbBc, 

where J is the Jacobian of w, y, z and is equal to 

dx dy dz 
da* da* da 

dx dy dz 
db* db' ~db 

dx dy dz 
dc' dc ' dc 

Hence if p^ be the initial density, and p the density at time t, 
the required equation is 

Jp^P, (17). 

In the case of a liquid p = p^ and therefore 

J = l (18). 



The Bounding Surface. 

12. Besides the equations which must be satisfied within the 
interior of a fluid, it is necessary that certain other conditions 
should be satisfied at the boundary, which depend upon the 
special problem under consideration. 

If the fluid is bounded by a surface whose equation referred to 
axes fixed in space is F (x, y, z, t) = 0, the normal velocity of the 
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fluid at the surface must be equal to the normal velocity of the 
surface, hence the sheet of fluid of which the boundary is com- 
posed must always consist of the same elements of fluid. 
Hence 

F{x + uU, y + vht. z + wU, t + Bt)^ 0, 
and therefore 

dF dF dF dF ^ 

-dt+''l^-''d^^'"di-^ <^^> 

If the boundary is fixed, the condition becomes 

lu + m,v + mv = (20). 

If the axes be in motion, the condition is 

f-^S-^f-^- ™. 

where V, V, W are the velocities of an clement of fluid relative to 
the axes. 

It should be noticed that (19) or (21) must be satisfied by 
every surface which is composed of the same elements of fluid. 

Lines of Flow and Stream Idnes. 

13. Def. a line of flow is a line whose direction coincides 
with the direction of the resultant velocity of the fluid. 
The differential equations of a line of flow are 
dx _d!/ ^dz 

Heoce if ■}(^^{x, y, z,t) — 'i^, j(^(x, y, z, t) = a^ be any two in- 
dependent integrals, the equations ;n;j = const., jf, = const., are the 
equations of two families of surfaces whose intersections determine 
the lines of flow. 

Def. a stream line, or a line of motion, is a line whose 
direction coincides with the direction of the actual paths of the 
elements of fluid. 

The equations of a stream line are determined by the simul- 
taneous diflerential equations, 

where (c, y, z must be regarded as unknown functions of (. The 
integration of these equations will determine si, y, z in terms 
of the initial coordinates and the time. 



LINES OF FLOW. 11 

14. If through every point of a small closed curve lines 
of flow be drawn, they will enclose a mass of fluid which may be 
called a tube of flow. 

Let us apply the letnTua of § 7 to a portion of liquid bounded 
by a tube of flow and two planes perpendicular to it. Putting 
u=^,v = r],w = ^, and taking account of (11), we obtain 

At every point of the curved surface of the tube of flow, 
lu + mv + nw = ; at the two ends this quantity is respectively 
equal to g, and — j,, where q, and q^ are the velocities of the 
liquid at the ends. Hence the surface integral = q^dS^ — q,d8^ = ; 
whence the prodttct of the velocity of a liquid and the cross 
section of a tube of flow is constant throughout the length of 
the latter. 

In the next place, a line of flow cannot begin or end in amy 
portion of a liquid throughout which the velocity is flnite, but must 
eiHier form a closed curve or have its extremities in the boundaries 
of tiie portion of liquid. 

For if a line of flow ended the liquid, it would be possible to 
draw a closed surface cutting a tube of flow once only. Hence 
hi + mv + nw would be zero at every point of the closed surface 
excepting where it cuts the tube of flow, and therefore the surface 
integral would not be zero. 

15. When a velocity potential exists, the equation 

udx + vdy + wdz = 
is the equation of a family of surfaces, at every point of which the 
velocity potential has a definite constant value, and which may be 
called surfaces of equi-velocity potential. 

If P he any point on the surface, <^ = const., and dn be an 
element of the normal at P which meets the neighbouring surface 
<^ + Si^ at Q, the velocity at P along PQ will be equal to d^/dn; 
hence d^ must be positive, and therefore a fluid always flows 
from places of lower to places of higher velocity potential. 

The lines of flow evidently cut the suriiices of equi-velocity 
potential at right angles. 

16. The solution of hydrodynamical problems is much sim- 
plified by the use of the velocity potential (whenever one exists), 
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since it enables us to express the velocities in terms of a single 
function tf>. But when a velocity potential does not exist, this 
cannot in general be done, unless the motion either takes place 
in two dimensions, or is symmetrical with respect to an axis. 

In the case of a liquid, if the motion takes place in planes 
parallel to the plane of xi/, the equation of the lines of flow is 

udy — vdx = (22). 

The equation of continuity is 

du di> _f. 
dx dy ' 
which shows that the left-hand side of (22) is a perfect differ- 
ential d^fr, whence 

«^?. S <-)■ 

The function i|i- is called Earnshaw'a current function. 

When the motion takes pla^e in planes passing through the 
axis of z, the equation of the lines of flow may he written 

tf{tvdxa ■—udz) — (24). 

The equation of continuity is 

d (ctm) ^'"^ _n 

ds! dz 

which shows that the left-hand side of (24) is a perfect differential 
d'^, whence 

„ = !# «_-t*t: (23) 

where ■^ is Stokes' current function. 

17. The existence of a velocity potential function involves 
the conditions that each of the three quantities, 

dw/dy ~ dv/ds, dujdz — dw/dx, dv/dic — du/dy, 
should be everywhere zero ; when such is not the case we 
shall denote the above quantities by 2|, 27/, 2f. The quantities 
f. Vi ?i foi" reasons which will be explained in the following 
chapter, are called the components of molecular rotation. They 
evidently satisfy the equation 

j{ + ^ + jf=0 (26). 

ax dy as 
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Formulae of Transformation^. 

18. The equations connecting the components of molecular 
relation with the velocities are, 

^o dw dv a _^du dw ay^^'^ du .^^. 

^^"d^'Tz' '^'^'-d'z'dx' ^^^'d^^dTy ^^^^' 

In order to obtain the equivalent equations when polar 
coordinates are employed, let r, 0, <^ 
be the coordinates of P, and let 
Uy V, w and u-^-iiiyV + Sv, w-\-hwhQ 
the velocities at the points r, 0, (f) 
and r-^-Br, 0-^B0, <^ + Btj) respec- 
tively, measured in the directions 
in which these quantities increase ; 
also let u+Bu\ v-^-Bv', w-\-Bw' be 
the velocities at the last mentioned 
point parallel to the directions of q 
u, V, w. 

Let us choose the axes of x, y, z 
so as to coincide with the directions of r, 0, and <^ respectively, then 

dx^dr, dy=^rd0, dz = r am 0d(l}, 

and therefore we at once obtain 

du' du dv' dv dw' dw 




dx dr ' dx dr' dx dr 

Let Q be a point whose coordinates are r, + B0, (f); then 

u + ^B0)cosB0'-(v + ^B0)smB0-u 



(28). 



du 

dy 



w 



_^1 du V 
r d0 r 

dy 

^1 dv u 

"r dO'^r 

dw' 1 dw 



.(29), 



rW 



dy r d0 

1 Besant, Mess, ofMath,^ vol. xi. p. 63. 



(30). 
,(31). 
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Let J3 be a point whose coordinates are r, 0, tp + S<f>; and let 
FOR = Sx. PTE = 8x'; then 



,,h%^*>'^x-{'^.%Hym^- 



_ 1 du 

T sin 6 d(p 



r sin 0Sip 



(" + 4 ''*) '" '^' ~ (^ + S '^) °'° '''' ' 

»■ sin SSip 
J- sin fl rf(^ r 



dw' 
ds 



+ (u+ j-7^'^)sin8;^4 



r em fl a0 r r 



-(32), 



-.{33), 



..(34). 



„^ dw dv 1 dw w ^ „ 1 (Zu 

dy OS r dfl r rsinffdip 

_ du dw' _ 1 du dw w 

dz die r sin ^ rf0 dr r 
dif du dv V I du 
dy dr r r dd 



^('-. 



19. If cylindrical coordinates in-, 0, s are employed ; let m, r, w 
and M + £», ?/ 4- Sy, w + 2w be the velocities at the points w, Q, s 
and OT + Sw, ff + 50, z + Sz respectively ; and let u + du', v ■+ dv' 
be the velocities at the last mentioned point parallel to u and v. 
Then dx = da, dy = -mdd, 

dv' _ du dif _ dv' dw _ dw 
dx din ' dx d'CT ' dx dm " 

"It-i <"'). 



and 



also 



,..(36), 



uh9~u 
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, (v'h^S0\coaS0 + (u'\-^S0\^nS0'-u 



dy vrSd 

1 dv u 

«T dO tsr 

dw dw 



-ii+^ (^). 



dy vrdd 



.(39), 



, du' _ du dv' _ dv . . ^v 

dz dz' dz dz 



Therefore 



'cj dd dz 

g^ __ dw dw 
dz dvT 

ay __ dv V 1 du 
dnr -BT 'BT dd 



.(41). 



EXAMPLES. 

1. Find the equation of continuity in a form suitable for air 
in a tube, and prove that if the density be /(at — x) when t is the 
time and a? the distance from one end of a uniform tube, the 
velocity is 

af(at - a?) + ( F- a) /(at) 
J /(at-x) 

where F is the velocity at that end of the tube. 

2. If the motion of a liquid be in two dimensions, prove that 
if at any instant the velocity be everywhere the same in magni- 
tude, it is so in direction. 

3. If every particle of a fluid move in the surface of a sphere, 
prove that the equation of continuity is 

-^ cos ^ + -7^ (/)© cos ^) + jT 0>®' cos G) = 0, 

where p is the density, d and <^ the latitude and longitude of any 
element, and ©, to the angular velocities of the element in latitude 
and longitude respectively. 



then 
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4. In the last example prove that if the motion is irrotational 
the velocity potential is equal to 

/ {log tan ^d + i0) + f (log tan|5 - t^), 
where t = ^ — 1 and _/ and F are arbitrary functions. 

An infinite mass of liquid is hounded by the plane zx, on 
which are small corrugations given hy y = (f) (x). The velocity of 
the liquid at an infinite distance from the plane is parallel to x 
and equal to V. Prove that the velocity potential is 

w J _o3 y' + (a; — X)' 

6. In the general motion of a fluid, prove that if F is the 
normal acceleration at any point on a closed surface described in a 
fluid, 8 the expansion, tu the molecular rotation, and 2 the strain 
invariant 

fg + gh + hf— a' — b' — c', where /= dujdx, 2a = dwjdy + dvjde, 

jJFdS = jfj(^^ + ^ + 2(d" - 22) dwdydz. 

7. Fluid is moving in a fine tube of variable section k, prove 
that the equation of continuity is 

where v is the velocity at the point s. 

8. If F {x, y, z, i) is the equation of a moving surface the 
velocity of the surface normal to itself is 

- ^ ^f", where i? = (dFldxf + {dFjdyf + (dFjdz)^. 

Hence deduce equation (19). 

9. If 3:, y and s are given functions of o, 6, c and (, where o, 
6 and c are constants for any particular element of fluid, and if 
M, V and w are the values of A, y, k when a, 6, c are eliminated, 
prove analytically that 

^x _du du da du 
dt^ dt dx dy dz' 

10. Liquid which is moving irrotationally in three dimen- 
sions is bounded by the elhpsoid (x/a)' + (ylb)' + (z/c)' =^ 1, where 



EXAMPLR'^. 



17 



, 6, c are fuuctiona of the time, such that the volume of the 
I ellipsoid rotnains constant. Prove that if the ellipaoiJ is rotating 
with angular velocities a^, (d,, w, about its principal axes, and 
I u, V, to are the component velocities of the liquid parallel to the 
I principal axes, the equation of continuity and the boundary con- 
I ditions ai'e Eatisfied if 



',(^'-6')y , 



P,(C"- 



a')2 



r with similar espressions for v and w. 

11, If the lines of flow of a fluid lie on the surfaces of coaxial 
t cones having the same vertex, prove that the equation of con- 

' tinuity ia *" j7 + '" J" ("P* + ^P"^' -^ cosecfi l^^P'"^ ^ ^■ 



Show that 

I 18 a possible form of the bounding surface at time ( of a liquid. 

13. The position of a point in a plane is determined by the 
I length r of the tangent from it to a fixed circle of radius a, and 
I the inclination S of the tangent to a fixed line. Show that the 
I equation of continuity for a liquid moving irrotationally in the 
I plane will be 

d^'^^dr'^T^d^^? [dr' ~rdi^)'^r'\ ^^ ^rdo)' 
Hence indicate a method of finding the motion of a liquid 
I in the developable surface whose edge of regression is a right 
I helix, pointing out any peculiarities of the motion. 

14, If the velocity potential of a liquid is of the form 
^ =/(b») F(6) j( (s), where ct, 6, z are cylindrical coordinates, 
prove that the equation of continuity is satisfied if ^ ¥, ■^ satisfy 
the three equations 






»')/= 0, 

I where n and k are constants ; and hence show that 

^ = 24 cosh « (z — c) cos n (^ — a) I cos (xr sin s 



a))(ia). 
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15. In the motion of a liquid in two dimensions, the velocity 
at any point is given by two components v, v' along the directions 
which pass through two fixed points distant a from one another. 
Show that the equation of continuity is 

dv dv' , r^ + r'* — a" /dv . du" 



dr dr 






where r, r are the distances of any point of the liquid from the 
fixed points. 



CHAPTER 11. 



ON THE GENERAL EQUATIO>fS OF MOTION OF A PERFECT 
FLUTD. 



I 



20. It was stated in the preceding chapter, that the presaure 
at every point of a perfect fluid is equal in al! directions, whether 
the fluid be at rest or in motion. It will now be shown that this 
property is the consequence of euch a fluid being incapable of 
pflfering resistance to a tangential stress. 

Let ABCD be a small tetrahedron of fluid, and let p, p' be the 
pressures per unit of area upon 
the faces ABC and BCD. 

By D'Alembert's Principle, 
the reversed effective forces and 
the impressed forces which act 
upon the volume of fluid, together 
with the pressures upon its faces, 
constitute a system in statical 
equilibrium. The first two vary 

as the volume, and the last vary as the areas of the faces of the 
tetrahedron ; and therefore if the tetrahedron be made to diminish 
indefinitely, the former will vanish in comparison with the latter. 
Hence the tetrahedron will ultimately be in equilibrium under the 
action of the pressures upon its faces. 

Resolve the pressures upon the faces ABO and BCD parallel 
to AD. Since the projections of the two faces upon a plane 
perpendicular to AD are equal, the conditions of equilibrium 
require that p=p', which proves the proposition'. 
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This proposition 



is. provided thej a 
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The liquations of Motion^. 

21. Let X, Y, Z be the components per unit of mass of the 
impressed forces which act on the fluid; p its density, and q its 
resultant velocity. Describe any imaginary closed surface S in the 
fluid, and let e be the angle which the direction of g makes with 
the normal to S drawn outwards. 

The rate at which momentum flows into S, parallel to x, 
together with the rate of increase of the component of momentum 
parallel to x, of the fluid contained within S, must be equal to the 
component parallel to x of the impressed forces which act on the 
fluid within S, together with the component parallel to x of the 
pressure upon the boundary of jS. 

The rate at which momentum flows into jS, parallel to 3;, is 
ff ptfl COB €dS = JJpu{lu + ntv + nw)dS 

by §7. 

The rate of increase of the component of momentum parallel 
to x of the fluid contained within 8 



-m 



-III 



The component 



-J- (pu) dxdydi 

to X of the im] 
jfjpXdxdydi 



The component parallel to x of the pressure upon the boundary 



-ffpldS.-fjj'^Kd^dsdz. 



///f,x-g«,..=///{=^) 



) , "^(P"') , d(puv) d(^uw)] 



dx 



dy 



ds 



dxdydz. 



which requires that 



dp _ d(ou) d(pu') d{puv) d{puw ) 
dt dx dy dz ' 



' Tbii method of obtainiiiK the eqnations of motion is due to Prof. Oreenhill. 
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EQUATIONS OF MOTION. 21 

Taking account of the equation of continuity § 8, (10) the 
I right haod side of the last equation becomes equal to pdujdt, 

I , V ^P ^" 

I whence pX — j^ = p ^ - 

■ '^ dx '^ at 

Two other symmetrical equations can be obtained, by consider- 
I ing the rate of change of momentum parallel to the other two 
whence the equations of motion are 



1 



\dp 



p dx 


-dl^ 


'<s + 


dn 


"dz 


I dp 
pdji 


dv 
■di* 


dv dv dv 


Idp 
pd^~ 


dw dw 


dy 


dvl 

°di 



..«. 



These equations together with the equation of continuity 
furnish four relations between the five quantities u, v, w, p, p. 

22. If the fluid be an incompressible liquid, p is constant, 
and the above mentioned equations together with the boundary 
conditions are sufficient to determine the motion; but in the 
case of a gas another equation is required, which ia furnished 
by means of a relation which exists between p and p. 

When the motion of the gas is such that the temperature 
remains constant, we have by Boyle's Law the equation 

■P=tp (2). 

where it is a constant. 

But when the motion is such as to cause a sudden compression 
or dilatation, an increase or decrease of temperature will be 
produced ; aud if it is assumed (as is the case with sound waves), 
that the compressioti is so sudden that loss or gain of heat by 
radiation may be neglected, the required relation is 

P-tp' (3), 

where 7 is the ratio of the specific heat at constant pressure to 
the specific heat at constant volume'. This quantity for all 
gases has the approximately constant value I'iOS. 

23. The expressions on the right hand of (1) are the ex- 
pressions for the component accelerations of an element of fluid ; 
it therefore follows that if F and / be the component force and 

' This eqaation will be proved in the Appendii. 



22 



EQUATIONS OF MOTION. 



acceleration in any direction, and dp/dh be the space variation of 
the pressure, the equations of motion are of the form 



pdk 



=/ 



Hence if the axes instead of being fixed are moving with 
angular velocities &,, d^, 6^ about themselves, the equations of 
motion will be obtained by employing the expressions for the 
accelerations given in § 6, (6), and are therefore, 

Y 1 *^ — ^ 4. r' — '' ' ''" 

p dx dt da: 



- + r' 



Y- 



pdi/' 



la 



p dz 

24. Let us now 
servative system wh< 
p, we may put 



at ax ay 

dt dx dy 



■100, + U0. 



■■(*)■ 



that the forces arise from a con- 
potential is V. Since p is a function of 



J P 



and the left-hand sides of (1), will be respectively equal to 
dQjdx, dQjdy. dQjdz. If therefore we eliminate Q by diffe- 
rentiating the second equation with respect to z and the third 
with respect to y, we shall obtain 



where ^, i}, f are the components of molecular rotation and 
6 = du/dx + dvjdy + dwjdz. Eliminating by means of the equa- 
tion of continuity dp/dt + p0 = O, and taking account of the two 
other equations which may be written down from symmetry, we 
shall obtain 

d /^\ _^ du 7) dv ^dw ■, 

dt \p) p dx p dx p da> i 

9 fil\ _^du 1} dv ^ dw } 
pdy pdy p dy < 



■) dz 



m- 



..(5). 



25. It was stated in Chapter L, that in many important 
Toblems the motion is such that a velocity potential exists. 
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The condition that such should be the case ia^ that f, jj, ^ should 
each vanish. We shall now prove, that when the fluid is under 
the action of a conservative system of forces, a velocity potential 
will always exist whenever it exists at any particular instant. 

Let ua choose the particular instant at which a velocity poten- 
tial exists as the origin of the time; then by hypotheses ^, ij, f 
vanish when ( = ; also the coefficients of these quantities in (5), 
will not become infinite at any point of the interior of the fluid ; 
it will therefore be possible to determine a quantity L, which shall 
be a superior limit to the numerical values of these coefficients. 
Hence f, i), f cannot increase faster than if they satisfied the 

equations -(S.j= — (^^^r} + f), &c. &c. 

But if f + 9j + i^ = fl/), we obtain by adding the above equations 

whence il = Ae"^'. 

Now il = when ( = 0, therefore A =0; and since 12 is the 
sum of three quantities each of which is essentially positive, it 
follows that f , ri, f must always remain zero, if they are so at any 
particular instant. The above proof is due to Prof. Stokes'. 

26. There is, as was first shown by Prof. Stokes, an important 
physical distinction in the character of the motion which takes 
place, according as a velocity potential does or does not exist. 

Conceive an indefinitely small spherical element of a fluid 
in motion to become suddenly solidified, and the fluid about it 
to be suddenly destroyed. By the instantaneous solidification 
velocities will be suddenly generated or destroyed in the different 
portions of the clement, and a set of mutual impulsive forces will 
be called into action. 

Let X, y, z be the coordinates of the centre of inertia Q of the 
element at the instant of solidification, a: + a;', y + y', a+^'those 
of any other point P in it ; let m, r, «i be the velocities of Q along 
the three axes just before solidification, u' v', w' the velocities of i* 
relative to G ; also let u, v, w be the velocities of Q, u^, p^, w, the 
relative velocities of P, and f, tj, ^ the angular velocities just 

' " On the friction of fluids in motion," Section II. Tram. Cuntfi. Fkil. Soe. 
-toLtoi. 
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after solidification. Since all the impuiaive forces are internal, 
we have 



We have also, by the principle of conservation of angular mo- 
mentum, Sm \y' (w^-w') — /(u, - ii')} =0, &c. 
m denoting an element of the mass of the element considered. 
But M, = r]s' — ^y', and u' is ultimately equal to 
du , ■ du, , du , 
dv dy^ dz ' 
and similar expressions hold good for the other quantities. Sub- 
stituting in the above equation, and observing that 

I.Tny'z ='%m'z'x' ='%mx'y' = Q, and Simjb'' = Smy = Sma", 
fdV! dv\ 



fdU! dV\ „ 



We see then that an indefinitely small spherical element of 
the fluid if suddenly solidified and detached from the rest of the 
fluid will begin to move with a motion of translation alone, or 
a motion of translation combined with one rotation, according as 
udx + vdy + ivds is, or is not, an exact differential, and in the latter 
case the angular velocities will he determined by the equations 
af._dw dv „ _du dw ^_dv du 
dy dz' dz dx ' da; dy' 

On account of the physical meaning of the quantities f, ij, f, 
they are called the components of molecidar rotation, and motion 
which is such that they do not vanish is called rotational or vortex 
motion; when they vanish, the motion is called irrotational. 

In the foregoing investigations, it has been assumed that the 
pressure is a function of the density and also that the fluid is 
under the action of a conservative system of forces ; it therefore 
follows that vortex motion cannot be produced, and consequently, 
if once set up, cannot be destroyed by such a system of forces. We 
shall presently show that the theorem is not true if the pressure 
is not a function of the density. If therefore by reason of any 
chemical action the pressure should cease to be a function of the 
density during any interval of time however short, vortex motion 
might be produced, or if in existence might be destroyed. 
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Lagrange's Equations, 

27. In Lagrange's method the initial coordinates a, 6, c and 
the time are the independent variables, hence the equations of 
motion are 

dx * dy ' dz 
Multiplying the preceding equations by x^, y^, z^t where the 
suflSxes denote partial diflferentiation with respect to a, b, c,we obtain 

Qb ^ uxi, + vy^ + wzA (6). 

These equations together with the equation of continuity 
pj= p^j are Lagrange's hydrodynamical equations of motion. 

Weber's Transformation. 

28. Integrating the right hand side of the first of (6) between 
the limits t and 0, the first term becomes 

I uXg^ dt = I xx^ dt = {xx^ — I XX ^ dt 

where u^ is the initial value of u. If we treat each of the other 
two terms in a similar manner and put 

X = r (Q + w) dt, 

J 

where q is the resultant velocity of the liquid, we obtain 



W« + «^2^«+^'2:„-Wo 



dy 
— M- = ^ 



da 



dy 



(7). 



These equations together with the equation of continuity and 
^X/^^~ Q + i3** give five equations for determining x, y, z, p, xi 
p being supposed to have been eliminated by means of (2) or (3). 

The above equations may be expressed in a diflferent form, for 
multiplying by dJ/dx^, dJjdx^, dJjdx^ and adding, we obtain 

1 f dJ , dJ dJ\ dy /o\ 

"=7r'd^/^»d^/«'«s?J+^ (^>' 

with two similar equations. 
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Multiply (7) by do, db, dc and add, and \ 
udw + vd}f + wdz — Ugda - v„db — wfic = 



e obtain 
ix 



1 



,.(9). 



If at any particular instant which we shall choose for the 
origin of the time a velocity potential exists, v^da + Vgdb + W^dc 
will be a perfect differential ; hence if p be a function of p, rf^ will 
also be a perfect differential, which proves that if a velocity 
potential once exists, it will always exist; but if p is not a function 
of p we cannot put Q = — V— jp~' dp, but must write 

for d-^/da, in which case the right hand side of (9) becomes 



<j£(i?'-io <«-£(*)■;< 



where d denotes space differentiation. The right hand side of (9) 
is no longer a perfect differential ; hence uda: + vdy + wdz ia not a 
perfect differential. 

If therefore the pressure be Jiot a function of the density, vortex 
motion can be generated or destroyed in a perfect fluid moving 
under the action of natural forces. 



Oauchy's Integrals. 
30. Eliminating Q from the last two of ((J), we obtain 

u^^ — M^t + v^i/^ — v,y^ + w^z^ — w^, = 0. 
Integrate this equation with respect to t, and let 7t^, v^ 
the initial values of u, v,w; then 

dw„ dv^ 
ujc^ — n^i, + Vi,y^ — v^ifi, + w^s, — 



But 



dx 



du 
dz ' 



db dc 
'.Q. &c. 



Substituting these values of w„, Wj, &c., we obtain the equations 



^dJ 



, dJ ^dJ ^ 
. dJ ^dJ 

^ dJ^^dJ ^ 



J 
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Multiplying these equations by x^, a?j, x^ and adding, and 
reinemberiDg that Jp — p^, we obtain 



Po?_ 



\ 



P 



= fo^a + Vo^b + ?0^e 






> (10). 



These equations show that f, 17, ? are always zero, if they are 
initially so. 

31. The equations of motion can be integrated whenever 
a force and a velocity potential exist ; for putting 



« - -/? - ^- 



and multiplying (1) by dx, dy, dz respectively and adding, we 
obtain 

Now in the present case 

du __du du dv dw 
dt dt dx dx dx 

where q is the resultant velocity. Integrating, we obtain 

/f+F+f+43« = J^(0 (">' 

where F is an arbitrary function. 

32. Def. a vortex line is a line whose direction coincides 
with the direction of the instantaneous axis of molecular ro- 
tation. 

The diflferential equations of a vortex line are thus 

dx __dy _dz 
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Clebsck's Trans/urmation'. 

33. When a velocity potential doea not exist, a first integral 
of the general equations of motion can be obtained by means of a 
method which depends upon the analytical theorem, that if u, v, w 
are any given functions of x, y, z it is always possible to determine 
tliree quantities ^, X, ^i such that 

udx ■<r vdy + wdz ^dip + Xd^ (12). 

In order to prove the theorem, let u', v', w, be four quantities, 
such that 

w = u' + 0„ r = u'+0,, ui = w'+0,. 

These equations involve three relations between the four 
quantities u', v, v/, and are therefore insufficient to determine 
them as functions of u,v,w\ we may therefore assu ine any relation 
between u', u*, w' which may be convenient. Let us therefore 
suppose that 

u' {w\ - v',) + v' {u\ - w'^) + vf (w^' - «;) = 0. 

This is the condition that lidx + v'dy + vidz should have an 
integrating factor, we may therefore put this quantity equal to 
Xdj; which proves the proposition. It therefore follows that, 

^ = ^^X^X „ = #^.x^ «, = # + x'^ (13) 

dx dx' d\j dy' dz dz 

The components of molecular rotation are given by the 
equations 

n-\-x,-\x,\ 

2, = \,x.'\Tc\ (M). 

'K=\x,-\x.\ 

The form of these equations shows that the vortex lines are 
the intersections of the surfaces A. = const., ^ = const. 

Therefore 

dn _d^ [d^ dx\ du dv dui 

(15). 



ral^^ 



.'>\__ Jx^^ 



' CrtlU, vol. 1 




. Sou ftlHO Hill 


Phil. SiK. vol. n 


T. p. ] 


; fhil. Tram. 


vol. ivi. p. 171. 
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^^«.ti.g ir=-Q+# + x| + ),. (16). 

^r and substituting the values of dujdt and dQjdx from (15) and (IG) 
in {]), we obtain 

dH dX dy 

iS:*w,^--i'-'<' <"'• 

with two similar equations. 

Multiplying by f, tj, ^ and adding, we obtain 

fd^ + ^d^ + f^^" f''>- 

If ds be an element of a vortex line, and w be the resultant 
molecular rotation, the operator is equal to cod/ds, whence in- 
tegrating along a vortex line, we obtain 

j'f^^+'^^-'i+if'''('.x^) (10). 

Writing for a moment P = 9X/9(, R = d^/dt and eliminating H 
from (17), wo obtain 

P.X^ - KK - P^X, + i^'^K = 

P,x, - ^.\ - P,X' + ^A = 
-P.%, - K\ -P.X' + A\ = 0- 

Multiplying these equations in order by X„ X^, X, and adding 
and taking account of (14), wo obtain 

J P, + ^P, + ?P, = (20). 

If x, y, z be atiy point on the surface \ = .d, where A is an 
absolute constant, and if f/m, ijjai, f/iu be the direction cosines of 
the vortex line at this point ; equations (14) and (20) show that this 
vortex line lies on the surfaces \ = A and \ -\-dXldt . dt = A, which 
is impossible unless d\jdt = 0. Similarly 3x/3( = ; whence the 
surfaces X and j(^ and therefore the vortex lines are always composed 
of the same elements of fluid. This important theorem was first 
established by Helmholtz'. 

Hence it follows from (17) that S,,H,,H, are eaeb equal to 
zero, and therefore H i& a function of the time alone; whence the 
pressure is determined by the equation 

/*+^+f+^S+i''-^(« (^«- 

' Crelle, vol. r.T, and Phil. Mag. (4) toI. xixiii. p. 185. 
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34. We can now show that in the case of a liquid, the 
integral 

\\\{{^-^y'\dtdxdydz (22), 

is a maximum or minimum, where the value of pjp + F or — Q is 
given by (21), and the time remains invariable. 

For hQ=uhu + v&v + whw + ^^ Ah\-\-\^ , 
at at at 

and 8„.f*+J3;8X + X^':. 

dx dx (i.v 

Therefore 
JffJ«£u dtdxdydz = ///a (S0 + XS;^;) dtdyds 

Omitting the triple integrals which refer to the boundary we 
see that the first three terms of 5^ give rise to the terms 

////[("X* ■•■ '"Xt + '"X') ^^ ~ ('"■^ + ^\ + '"^^•^ ^X 

-e(Sif> + Xhx)] dtdxdydz, 
which 

-////Id- 1)^^- (I -f)^-' <-'*-M ''"^*^' 

where 

Also the last three terms of hQ (omitting triple integrals) give 



_ du dv dw 
dx dy dz 



^^^^■ 



\dt 



Whence 
lihQdtdxdydz 



fT By(\dtdxdyds. 

-f^^X-^ (H + >-8x)| dtdxdydz 

+ triple integrals. 

In order that the quadruple integral should vanish, we must 
have 9 = 0, d^/^t = 0, dK/dt = 0, which by virtue of the equation of 
continuity and § 33 is obviously the case. 
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On the Application of the Principles of Energy and Least Action, 

3^- Let S be any imaginary closed surface, which is fixed in 
the 'wm. The work done during a small interval St upon the 
liquid contained within S, by the impressed forces which act 
upon its mass, together with the work done by the pressure upon 
the boundary of S, must be equal to the increase during the 
interval St of the kinetic energy of the liquid contained within >S, 
together with the kinetic energy which, during the same interval, 
flows into S across the boundary. 

The work done by the impressed forces 



-iih{ 



dV . dV dV^ 
u 



, +v j--\-w j-j otdxdydz. 

The work done by the pressure upon the boundary 

^ —ffp{lu + viv + nw) St dS 

by § 7. Hence the total work done 

'=///" (" S +" f +«' f) ^* '^'^j^^^- 

Let T be the kinetic energy per unit of mass, so that 

The increase in the kinetic energy of the liquid contained 
within S 

^jjj^^Stdxdydz, 

The amount of kinetic energy which flows into S 
= fJpT(lu + mv-h nw) St dS 

Taking account of the equation of continuity § 9 (10) the total 
increase in the kinetic energy 



~ 1 1 1'^ "S7 ^i^^y^^' 



Whence ijipl 
which requires that 
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■"2 (23). 



I 



dt da: dy dz 
If we substitute the valiiea of u, v, w from (13), we find that 
dT _( d d d\(d^ dx\ 

dt~VTx^''d^^'^dz)\di^^lit) 
' dt 

The laet two terms vanish by § 33, whence (23) becomes 

Now if ds be an elementary arc of a stream line u = qdxjda, &c., 
and the operator is therefore equal to qd/ds. Integrating along a 
stream line, and restoring the values of Q and T, we obtain 



HX^^ = F<0. 



36. The equations of motion may be deduced, as Mr Larmor 
has shown, by means of the Principle of Least Action combined 
with the Lagrangian method. 

Let X, y, z he the coordinates at time ( of an element of fluid 
^1 whose initial coordinates are a,b, c; the Principle of Least Action 

^M requires that 

^H should he a maximum or minimum subject to the condition that 

^H whei 

^B we r 

L 



j._ d(a:, y,z) _p. 
d (a. b,o) p ■ 
where the time of the motion is constant. 

Hence if X represent an imdetermined function of x, y, and z, 
we must have 

Taking the variation of the first two terms, we obtain 
'[{xU + yly + zlz) - (g"8a; + ^^Sy + ^ Sa)! dt dadbdc. 
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Integrating by ports and omitting the triple integrals, this 

If if J, Jf,, if, be the minors oidxjda, dx/db, dx/dc in J 

d{Sx, y, z) _ jf ^Sa; „ d&r ^ dSa; 
d{a, b, c) ~^^ da "^""« db ■^■"•dT ' 

whence, omitting triple integrals, 



////^'^fl'«'^^^--////Nf 



db dc J 



+(^.£•^^.1+*.'^^ 



J I Sxdtdadbdc, 
dcj 

The first term in brackets vanishes, and the second term is 
equal to Jdk/dx^ 



whence 



-////^TO**"** 



= 1 1 1 M-T- 8a? + -T- % + -T- 8^ • Jdtdadbdc, 
Hence the conditions of the problem require that 



„_^dF_p,dX^Q 
ax p ax 

dy p c[y 

dz p dz ^ 



\ (24). 



Now X, y, z are the component accelerations of the element 
whose coordinates are x, y, z, and are therefore equal to 9m/9^, 
'dvfdiy and 'bwf'dt respectively ; and when we interpret — \p^ which 
must represent the pressure, equations (24) are the equations of 
motion in the ordinary form. 

On Steady Motion, 

37. When the motion is steady dujdt, dv/dt and dw/dt are 
each zero. In this case the general equations of motion can be 
integrated without having recourse to Clebsch's transformation. 
It will however be necessary to distinguish between irrotational and 
rotational motion. 

B. 3 
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The general equations of motion may be written, 
du du , , d(f o (. , B ^Q\ 



f+2»f-5i (25)- 



3ii dv .dq' „ ^ , „ J. dQi 

du dw , , dq' „ , a ^. dQ\ 

When the motion is steady and irrotational m, v, w, ^, ij, f are 
each zero; whence, multiplying by dcv, dy, dz, adding and inte- 
grating, we obtain 

q = \q^-c, 

OP J^+F + ^5' = C (26). 

In thia case the quantity C is evidently an absolute constant, 
When the motion is rotational, let ds be an element of a stream 
line, then 

diz dy dz 

"-«£• "'Ids- "'id.- 



Multiplying the general equations by u, v, w and adding, 
dQ^^d^ 
ds 



we obtain ^-J^ 

ds ^ (L. 

whence f ^ + V+^q' = A (27). 

This is Bernoulli's Theorem. 

Since we have integrated along a stream line, the quantity A 
is not an absolute constant, but a function of the parameter of a 
stream line: in other words if ■^ = const, ;;^ = const, be two auTfaces 
whose intersections determine the stream lines, j4 is a function 
of tjr and x, 

38. Let us now consider the steady motion of a liquid' which 

is symmetrical with respect to the axis of z, Tlie vortex lines 

will evidently he perpendicular to every plane through the axis 

of ^, hence by § 19 (41) the molecular rotation m will be determined 

by the equation 

2w = '^" - '^^ 
ds d-B 

'On the steady motion of inDompreEBible fluids," Tram. Camb. Phil. 
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Substituting for u and w their values in terms of Stokes' 
current function -^j § 16 (25), we obtain 

^_J + |t-^f+2.a, = (28). 

The equations of motion are 

dO du du .dich , ^ 
am cL'sr az wsr 

dQ dw ^ dw ^ d(c^ ^ 
az am az az 

Eliminating Q — ^ j", we obtain 

tt'or az \acr az/ 

The equation of continuity § 9 (13) is 

du dw "u __^ 

d'sr dz tsy 

'».<■■ 

whence (29) becomes 

d(0 . doD UOD ^ 

ct'cr az tsr 

i-i^-ir-o w 

Substituting the values of u, w and od in terms of i/r, (30) 
becomes 

\dz dur dtir dzj {vr\d2r dtsr vf dfffj) 
A first integral of this equation is evidently 

whence by (28) 

2a) + t=r/('f) = (33). 

When the motion takes place in two dimensions, we shall, in 
exactly the same way, arrive at the equations 

d^ , d^ ^ 
ax ay 

-0 ^^f + ^f-o <^'' 



or 



r 



36 EQUATIONS OF MOTION, 

a first integral of wliich ia 

S+Sf=/w (=«■ 

whence bv (34) 

2f+/(+)-0 (37). 

39. The subject of the steady motion of a liquid has been 
treated in the following manner by Glebach'. 

Let b and c be any functions of x, y, z and t ; then if the 
sufExea denote differentiation with respect to x, y and z, we may 
evidently put 

u=6,c.— 6.c„ K = 6,c, — Jj^„ w = h^^ — h^c^ (38), 

for these values of u, v and w satisfy the equation of continuity. 
From (38) we deduce 

ub, + vb^ + w6, = 1 

wc^+ Wj + wc, = J ^ '' 

hence the stream lines are the intersections of the surfaces 
b = const., c = const. 

Putting 2T = u* + v'+w\ 

and multiplying equations (25) by dx, dy, dz respectively and 
adding, we obtain 

dQ-dT = M^dx-\-M^dy-\-Mjiz (40), 

where if, = - u (k, - uj + «>(«,- wj = - Suf + "lim), 

with similar espreaaions for M^ and M^. From the values of Jf,, 

J/j, M^ it follows that 

M^u + M^v + M^w = (41). 

Eliminating u, v, w from (39) and (41), we obtain 
\M^, b,. cj = 0. 

Hence we may put 

M^^Bb, + Gc^-\ 

M^ = Bb^ + Cc, [ (42), 

M^ = Bb. + Cc, I 
where B and C are quantities whose values we shall hereafter 
determine ; (40) may now be written 

' CreOe, vol. Liv. p. 293. 
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dQ-dT = B {b^dx -f b^dy f b,dz) + C (c^dx + c^dy + c4^), 
or dQ-dT^Bdb + Cdc (43). 

Since the left-hand side of (43) is a perfect differential, the 
right-hand side must be so also, whence if -F be a function of b and 
c, we must have 

*=f • '^'f ("). 

and therefore Q- T=^F(b, c) (45) 

is an integral of the equations of motion. 

When the motion is irrotational, M^, M^, M^ and therefore B 
and C are each zero, and therefore -F is an absolute constant. 

40. We must now find the values of B and (7. If we sub- 
stitute the values of w, v and w from (38) in the expression for T 
and differentiate partially, we shall obtain 

dT 
dT 
dT 



, d fdT\ d fdT\ d (d'l 

^*^""^" d^\Wj^dy\lh)^dz[dl 

From the first two of equations (42), we obtain 



Bw = M^c^ - Mjo^ 



= 2c,(-v?+w?7;)-2c,(-w;f + 
= 2w (c,f + c^v + oX) 
by (39). Therefore 

d (dT\ d (dT\ d (dT\ _ Ti__dF 

di[dhJ^d^Wj'^Tz[dbJ' ^' db ••••^''^^• 

Similarly 

dx\dcj dy\dcj dz\dcj dc 



r 
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By means of the preceding equations it can be shown 
that the conditions of steady motion make 
j^J{T-F)dxdydz 
a maximum or minimum. 

For S2'=^g&,+ &c., 

Whence, omitting the double integrals which refer to the 
boundary, we obtain 

_ fir ill ldT\ d^ jdT\ d_ /dT\{ 
HI \dx\dcj ■*" ds [dcj * di [daJ! 



-\\\ 



dF ,, dF 



-T- Be ydxdydz 



by (46) and (47) ; whence 

fJjB{T-F)dj!dyd^ = 0, 
which proves the proposition. 

Impulsive Motion. 

42. Let u, V, w and u, v', w' be the velocities of a fluid, just 
before, and juat after the impulse ; p the impulsive pressure. Then 
if B be any closed surface, the change of momentum parallel to 
m, of the fluid contained within S, must he equal to the component 
parallel to x of the impulsive pressure upon the surface of S. 

Hence ///p (u' - m) dxdyds = -l}pldS 

IP 



(48). 



-m 



Therefore 




"("'-"'-i 


Similarly 




»(„■ ,)- *!, 




,(»'-»)=-! 


Multiplying by da- 


dy, dz and adding, we obtain 




-'?=<»■ 


- u)dx + (v- -v)dy+ (w- -w)dz 



^ 



(«). 
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In the case of a liquid p is constant, whence diflferentiating 
(48) with respect to x, y, z respectively, and taking account of the 
equation of continuity, we obtain 

V> = 0. 

If the liquid were originally at rest it is clear that the motion 
produced by the impulse must be irrotational, whence if if> be its 
velocity potential, we must have 

P P<i> (50). 

Examples and Applications. 

43. A mass of liquid whose external surface is a sphere of 
radius a, and which is subject to a constant pressure 11, surrounds a 
solid sphere of radius b. The solid sphere is annihilated, it is 
required to determine the motion of the liquid. 

It is evident that the only possible motion which can take 
place is one in which each element of liquid moves towards the 
centre, whence the free surfaces will remain spherical. Let R\ R 
be their external and internal radii at any subsequent time, r the 
distance of any point of the liquid from the centre. The 
equation of continuity is 

whence rh = F (t). 

The equation for the pressure is 

1 dp _ dv dv 
p dr "^ dt dr 

r' ^ dr' 

whence ^ == ^ H ^ — i^;^ 

p r ^ 

when r^R\ ^ = 11, and when r= R, p = 0, whence if V, Y' be 
the velocities of the internal and external surfaces 

Since the volume of the liquid is constant, 
also i?"(<) = |^(i?F), 
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whence 

Putting <s: = jR*F', multiplying by 2R^ and integrating, we 
obtain ^n(^)^^.|_^ 1| 

which determines the velocity of the inner surface. 

If the liquid had extended to infinity, we must put c = oo , and 

we obtain |? (6' - B') = B' (^' , 

whence if t be the time of filling up the cavity 

B^dB 



/3/u /•» K3 



B' 



en r (t) • 

The preceding example may be solved at once by the Principle 
of Energy. 

The kinetic energy of the liquid is 



2irp r*«'dr = 27rp7*£*j ^ 






The work done by the external pressure is 

iirU r r'dr = JHtt (a" - iJ") 

whence fH (6» - R') = VR*p (4 — .1 . 

44. The determination of the motion of a liquid in a vessel of 
any given shape is one of great difficulty, and the solution has 
been eflfected in only a comparatively few number of cases. If, 
however, liquid is allowed to flow out of a vessel, the inclinations 
of whose sides to the vertical are small, an approximate solution 
may be obtained by neglecting the horizontal velocity of the 
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liquid. This method of dealing with the problem is called the 
hypothesis of parallel sections. 

Let us suppose that the vessel is 
kept full, and the liquid is allowed to 
escape by a small orifice at P. Let h 
be the distance of P below the free 
surface, and z that of any element of 
liquid. Since the motion is steady, 
the equation for the pressure will be 

Now if the orifice be small in comparison with the area of the 
top of the vessel, the velocity at the free surface will be so small 
that it may be neglected ; hence if IT be the atmospheric pressure, 
when z = 0, p = Tl, v — and therefore C = H/p. At the orifice 
p = Il, z = h, whence the velocity of efflux is 

and is therefore the same as that acquired by a body falling from 
rest through a height equal to the depth of the orifice below the 
upper surface of the liquid. This result is called TorricelWs 
Theorem. 

45. Let us in the next place suppose that the vessel is a 
surface of revolution, which has a finite horizontal aperture, and 
which is kept fulP. 

Let A be the area of the top AB of the vessel, Z7the velocity 
of the liquid there ; let K, u; Z,v he similar quantities for the 
aperture CD, and a section ab whose depth below AB is z: 
also let h be the depth of CD below AB. 

The conditions of continuity require that ^. B 

AU = Ku = Zv, 

and since the horizontal motion is neglected, the 
equation for the pressure is 

1 dp __ dv _^ dv 
p dz ^ dt dz' 

Now U and u are functions of t alone, whilst Z 
is a function of z only, whence 

dv _^A dU _K du 
Jt^ZH^Zdi' 

^ Besant's Hydromechanics. 
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durdz 

P 
when ^ = 0, ^ = n, v = U, therefore 



whence £ = i.(04-^.-^ f /[ J^ K, 






when z = h,p = Il,v = u, whence if fl^= I Z7^ dz, ^ 

J Q 

- = F(t)+gh-Aatf-.hM\ 

r 

whence Aatf = gh + ^(lP — i;f)' 

Putting (4/^)' — l = 2m, 2,J ghnfi ^ aoLy and integrating, we 
obt)ain 



^W 



where (7 is the constant of integration. Now initially U=0 since 
the motion is supposed to begin from rest, therefore (7 = 1, and we 
obiiain 

= a/— tanh tjghmja. 
The velocity of efflux is 

u = a/(1 + 2m) - tanh ^ Jghmja. 

After a very long time has elapsed tanh ts/ghmja becomes 
equal to unity, and if K be very small compared with ^, m = x , 
and we obtain Torricelli's Theorem 

w = J^gh. 
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EXAMPI^S. 



1. A FINE tube whose section kia a. fuDCtion of its length s, in 
the form of a closed plane curve of area A, filled with ice is moved 
in any manner. When the component angular velocity of the 
tube about a normal to its plane is il, the ice melts without change 
of volume. Prove that the velocity of the hquid relatively to the 
tube at a point where the section is K at any subsequent time 
when 6) ia the angular velocity is 

where 1/e =/jf: 'ds, the integral being taken once round the tube. 

2. A centre of force attracting inversely as the square of the 
distance ia at the centre of a spherical cavity within an infinite 
mass of liquid, the pressure on which at an infinite distance is or, 
and is such that the work done by this pressure on a unit of area 
through a unit of length, is one half the work done by the attractive 
force on a unit of volume of the liquid from infinity to the initial 
boundary of the cavity; prove that the time of filling up the.cavity 
will be 



•v/£l-©T 



a being the initial radius of the cavity, and p the density of the 
liquid. 

■S. In the case of the steady motion of a gas issuing symmet- 
rically and subject to no forces, neglecting changes of temperature ; 
prove the following relation between the velocity v and the 
distance r from the centre ; 

47n;r' = Qexp(i;'-u')/2i, 
where Q is the quantity of gas that issues per unit of time, ft is 
the constant ratio of the pressure to the density, and u ia the 
velocity at points where the pressure is k. 

i. In the steady motion in one plane of a liquid under the 
action of natural forces, prove that 

vV'u - vV% = 0, 
where V^ = d^jda^ + d'/df. 
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5. Jeta of water escape horizontally from orifices along a 
generating line of a. vertical cylinder kept always full. Show that 
(to axes inclined at an angle ^tt to the vertical) the equation of the 
lines of equal action for unit mass of water is of the form 

Show also that the line of equal time for particles of water 
issuing simultaneously from the orifices, is the free path of the 
water which leaves the vessel hy an orifice at a depth below the 
surface equal to that time. 

6. A cistern discharges water into the atmosphere through a 
vertical pipe of uniform section. Show that air would be sucked 
in through a small hole in the upper part of the pipe, and explain 
how this result is consistent with an atmospheric pressure in the 
cistern. 

7. A maaa of liquid is moving so that the velocity at any point 
is proportional to the time, and the pressure is given by 

p/p = /ixys ~ii' (y V + ^x' + a;'y ) ; 

prove that this motion may have been generated from rest by finite 
natural forces independent of the time, with suitable boundary 
conditions ; and show that if the direction of motion at every point 
coincides with the direction of the impressed force, each particle of 
liquid describes a curve which is the intersection of two hyperbolic 
cylinders. 

8. Water is revolving with angular velocity a> in a smooth 
fine circular tube of radius a which it completely fills, and which 
rests on a horizontal plane. If the tube be made to revolve with 
uniform angular velocity w' about a pivot in its plane, show that 
the absolute angular velocity of the water round the centre C of 
the tube is unaltered. Also if w be the average pressure of the 
water throughout the tube, show that the mean pressure of the 
water for a section through any pointP of the tube is ot + /Lacm'coa 0, 
and that the resultant pressure on the tube at P per unit of length 
is mwlfia + maw' + 2mco}"' cos 0, where 6 is the angle between OP 
and OG produced, c = OC, m ia the mass of water which would 
fill a unit length of the tube, and fj. that of a unit volume of 
water. 
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9. Prove that the equations of motion of a fluid referred 
to moving axes may be expressed in the form 

1 dp „ du du du du . „ 

p ax dt ax ay dz " ' 

and two similar equations: where u, w, w are the component 
velocities of the fluid relative to the moving axes whose component 
angular velocities are m^, w,, oj,. 

10. A solid sphere of radius a is surrounded by a mass of 
liquid whose volume is 4nr<^/3, and its centre is a centre of attractive 
force varying directly as the square of the distance. If the solid 
sphere be suddenly annihilated, show that the velocity of the inner 
surface when its radius is x, is given by 

iV ((^ 4 o')' - a.) = (™ + g Mc") ia--^)^d- + ^\ 

where p is the density, 11 the external pressure and /j. the absolute 
force. 

11. Prove that if nr be the impulsive pressure, 0, tj>' the 
velocity potentials immediately before and after an impulse acts, V 
the potential of the impulses, 

ra + pV + p(if>' ~^) = const. 

12. A maaa of compressible fluid is arranged in concentric 
spherical layers round a point under its own gravitation. Show 
that if radial vibrations be set up, the displacement z of an element 
is given by 

1 d^z _ <Pz /ydp 2\ds _ 
kypy~' dt' ~dr^ \p dr r) dr \ p 
the pressure and density being connected by the equation p = kpy, 
and p in the differential equation being the density of the element 
when at rest. 

13. If p denote the pressure at any point of a liquid moving 
irrotationally in two dimensions, under the action of a conservative 
system of forces, prove that 

VMogV'^ = 0. 

14. The surface of a vessel consists of two equal right cones, 
height 2c, with coincident bases ; it is fised with its axis vertical 
and filled with water to half way up the axis of the upper cone, the 



2(^^^? + ; 



r 




I 
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air above this level being initially at atmospheric presaure and the 
vessel closed. The water flows out of the vessel irom a ring of 
apertures on the level of bisection of the axis of the lower cone. 
On the hypothesis of parallel sections, obtain a differential equation 
for the velocity of efflux, while the free surface ia above the 
midway point, and show that one equation to find its maximuoi 
value in this stage ia 

»■[! - lc/(2c - «)1'] - 2s (c + «) = A [{»/(2c -^)]'- 1] P-, 
where x = height of surface above midway point. 

15. If the motion of a homogeneous liquid be given by a 
single valued velocity potential, prove that the angular momentum 
of any spherical portion of the liquid about its centre is always zero. 

1(5. Homogeneous liquid is moving so that 

u^yx + ay, v = ^x — yy, w = 0, 

and a long cylindrical portion whose section is small and whose axis 

is parallel to the axis of z is solidified and the rest of the Uquid 

destroyed. Prove that the initial angular velocity of the cylinder is 

B^-Ai- 2^7 

A+B 

where A, B, F are the moments and products of inertia of the 

section of the cylinder about the axes. 

17. Liquid is contained between two parallel planes ; the free 
surface is an elliptic cylinder whose axis is perpendicular to the 
planes, and the semi-axes of whose section are a^, 6,, All the 
liquid within a confocal elliptic cylinder, the semi-axes of whose 
section are a^, 6,, is suddenly annihilated ; prove that if II be the 
pressure at the outer surface, the initial pressure at any point of 
the liquid is 

jj log (tsjf 6 ) - log (o, + h^ 
log"(a,-f6,)-iogK + 6,)' 
where a and h are the semi-axes of a confocal cylinder through the 
point. 

18. Fluid is contained within a sphere of small radius ; prove 
that the momentum of the mass in the direction of the axis of x is 
greater than it would be if the whole were moving with the 
velocity at the centre by 

-^ |/>,w, + p,% + P.U, + ipVVj . 
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19. Obtain by means of Olebsch's transformation, § 39, the 
equations (33) and (37) of § 38. 

20. Prove that when the motion of a liquid is steady, it is 
possible to draw a series of surfaces P = const, each of which shall 
be covered with a network of stream lines and vortex lines. Prove 
also that at every point of such a surface 

dP 

^=ga,sm6, 

where q and o> are the resultant velocity and molecular rotation, 
and € is the angle between their directions. 

21. A cylindrical vessel of any form which is rotating about its 
axis, is filled with liquid which is rotating as a rigid body. Prove 
that if the cylinder be reduced to rest, the resulting motion of the 
liquid will be steady. 

22. If the motion of a liquid be referred to axes moving with 
angular velocities 0^^ 0^, 0^ about themselves, prove that the com- 
ponents of molecular rotation are determined by the equation 

with two similar equations; where u^ v, w are the component 
velocities of the liquid parallel to the moving axes, and U,Vy'W 
are its component velocities relative to these axes. 
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CHAPTER III. 



ON SOURCES, DOUBLETS AND IMAGES. 

46. When the motion of a liquid ia irrotational and symmet- 
rical with respect to a fixed point, which we shall choose as the 
origin, the value of i^ at any other point P is a function of the 
distance alone of P from the origin ; and Laplace's equation 
becomes 

dr T dr 



= 0. 



Therefore 



and 



dr 



The origin ia therefore a singular point, from or to which the 
stream lines either diverge or converge, according as m is positive 
or negative. In the former case the singular point is called a 
source, in the latter case a sink. 



The flux across any closed surface 
= iirm, 



iding the origin is 



I 



where dil is the solid angle subtended by dS at the origin, and e 
is the angle which the direction of motion makes with the normal 
to S drawn outwards. 

The constant m ia called the strength of the source. 
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47. A doublet is formed by the coalescence of an equal source 
and sink. To find its velocity potential ; let there P 

be a source and sink at S and H respectively, and 
let be the middle point of SH, then 

mSH cos SOP 

^^ HO 

Now let SH diminish and m increase indefinitely, but so that 
the product m . SH remains finite and equal to fi, then 

fi cos SOP 
9 = ^ — 

_ fJLZ 

if the axis of z coincides with OS, 

Hence the velocity potential due to a doublet is equal to the 
magnetic potential of a small magnet whose axis coincides with 
the axis of the doublet, and whose negative pole corresponds to 
the source end of the doublet. 

48. The velocity potential due to a sheet of doublets of 
strength m per unit of surface, which is such that the axis of each 
doublet coincides with the direction of the normal to the sheet at 
the point at which it is situated, is 

m cos e 



*-f 



dS 



= -JJmdn. 
If m be constant, ^ = — mil. 

Hence the velocity potential due to a doublet sheet is equal to 
the magnetic potential of a simple magnetic shell of strength — m. 

49. When the motion is in two dimensions, and is sym- 
metrical with respect to the axis of z, Laplace's equation becomes 

dr* r dr 

Therefore </> = m log r, 

d4> _m 
dr T ' 

B. 4 



r 
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where r is the distance of any point from the axis. This value of; 
if> represents a line source of infinite length, whose strength per 
unit of length is equal to m. 

If y}r be the current function, 

m_lch{r 



1 



- de ■ 



TherL^for 



The velocity potential due to a doublet in two dimensional 
motion ia 

4, = ni\ogSP~m\ogHP 



'OP 



cos SOP = 



Theory of Images. 

50. Let 5",, H^ be any two hydrodynamical systems situated 
in an infinite liquid. Since the lines of flow either form closed 
curves or have their extremities in the singular points or bound- 
aries of the liquid, it will be possible to draw a surface iS^, which is 
not cut by any of the lines of flow, and over which there is there- 
fore no flux, such that the two systems -ff,, .ff, are completely shut 
off from one another. 

Tbe surface S may be either a closed surface such as an ellip- 
soid, or an infinite surface such as a paraboloid. 

If therefore we remove one of the systems (say H^ and aub- 
stitute for it such a surface as S, everything will remain unaltered 
on the side of S on which H^ is situated ; hence the velocity of 
the liquid due to the combined effect of H^ and H^ will be the 
same as the velocity due to the system if, in a liquid which is 
bounded by the surface S. 

The system H^ is called the image of H^ with respect to the 
surface S, and is such that if H^ were introduced and S removed, 
there would be no flux across S. 

Tlie method of images was invented by Sir William Thomson, 
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and has been developed by Helmholtz, Maxwell and other writers*; 
it aflfords a powerful method of solving many important physical 
problems. 

51. We shall now give some examples. 

Let Sy /ST be two sources whose strengths 
are m. Through A the middle point of SS' 
draw a plane at right angles to SS', The 
normal component of the velocity of the 
liquid at any point P on this plane is 

— 7?Tvi cos PSA + -^, f.^ cos PS' A = 0. 
SP S P^ 

Hence there is no flux across AP, If therefore Q be any 
point on the right-hand side of AP, the velocity potential due to 
a source at S, in a liquid which is bounded by the fixed plane AP, 
is 

"^"^sq^Wq- 

Hence the image of a source S with respect to a plane is an 
equal source, situated at a point JS[4)n the other side of the plane, 
whose distance from it is equal to that of S, 

52. To find the image of a source placed outside a sphei^e*. 





Let S be the source, the centre of the sphere, a its radius, 
OS=f,POS=0,fi = cos0. 

Then, if <1> be the velocity potential due to the source, 

1 Helmholtz, Crelle^ vol. lv. 1858; Thomson, Reprint of papers on Electricity 
and Magnetism, p. 62; Maxwell, Proc. Roy, Soc, 18 Feb. 1872; Electricity and 
Magnetism, vol. ii. c. 12. 

a W. M. Hicks, "On the Motion of Two Spheres in a Liquid," Phil Trans. 1880. 

4—2 
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Now at all points in the neighbourhood of the sphere, r<f\ 
hence <I> can be expanded in a convergent series of the form 

where P„ (ji) is the zonal harmonic of degree n. 

At all points outside the sphere, the velocity potential of the 
image of S can be expanded in a series of the form 

*'=ix:4.(^)-p. 

Since the sphere is at rest, the surface condition is 

dr dr * 
when r = a. 

Therefore mS; ^.^ P, +. S>„ ^^fi P,= 0; 
whence A^ = 0, 



therefore 






ma ^« c* ^ Twa ^^ c 



where c = a'//! Now if c < r, 

Hence, adding and subtracting ma/fr from (1), the value of 4>' 
may be written 

dX 






f \f^ - 2rcfi + c^)^ ^h(r^'-2\rfi + \')^' 

The first term represents a source of strength ma/f, situated at 
a point H such that OH = c = a^/f, and which therefore coincides 
with the electrical image of S with respect to the sphere : the 
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second term represents a line sink of strength mja per unit of 
length, extending from the inverse point H to the centre of the 
sphere. 

53. To find the image in a sphere of a doublet whose cms 
passes through the centre of the sphere. 




H H' S' $ 



Let be the centre of the sphere, a its radius, S a source of 
strength /lc, 8' an equal sink, and let H, H' be the inverse points 
of S, S'\ also let OS^f HF = r, PHS=0. Then, if </> be the 
velocity potential of the image, 

_ /^a 1 fjua 1 ^ fjuHH' 

'f'^'J'HP'^f-SS'WP'' WF' 

But OH. 08= OH' . 08' = a\ therefore 

HH'=OH'-OH = a'(±,-^) 

_ a*SS' 

~ r ' 

also HP = HP- HW cos 0. 

Therefore 



•8.^a 



COS 0. 



/8/,-S 
r 

Now fi8S = Trit where m is the strength of the original doublet, 
hence 

a\*cos 



</) = m(~) 



This is the velocity potential of a doublet situated at the 
inverse point H, whose strength = — m (a/fy. 
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54. To find the image of a doublet whom axis is perpendicular | 
to the line joining it with the centre of the sphere. 



Let S be a source, S' an equal sink ; H, H' the inverse points 
tS, S', The image of S ia a source of strengtli /i«// at H, and a 
line sink of strength fi/a per unit of length from to H. 

;1 sink at H, II' coalesce into a doublet at H 



Now 



Hff. 



whence the source 
of streugth 

/• /•"' 
where m ia the strength of the original doublet. 
Let R, R' be any points on OH, OH', such that 
OR. OS=OR'. OS'; 
SS' . OR- 



then 



RR' = 



f 



..OR. 



and the two sink and source elements at R. R' coalesce into a 
doublet of strength 

_/i SS'.OR ^ 

a' f af' 

Hence the image of S is a positive doublet at H of strength 
ma'/f, together with a negative line doublet of strength —mOR/af 
per unit of length, extending from to H. 

65. Id the next place, let there be a source of strength m at 
a point P outside a sphere whose centre is and radius a ; and a 
line sink from P to Q, {where Q is a point on OP which lies on 
the side of P remote from 0), of strength — m/PQ per unit of 
length'. Let R be any point between P and Q; P, R', Q' the 
inverse points of P, R, Q. Also let OR = x, OR' = y. 

□ a Fluid," Proe. 
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The image of P consists of 

(1) a source at P of strength ma/ OP, 

(2) a line sink from to P' of strength — m/a per unit of 
length. 

The image of the line sink element dos sX R produces 

(3) a sink at iJ', of strength 

madx __ mady 

and 

(4) a line source from to R of strength mdx/PQ . a per 
unit of length. 

In order to calculate the image of the line sink between P and 
Q, it will be convenient to consider first the portion of the image 
between and Q', and secondly the portion between Q' and P'. 

Since every element of PQ produces an elementary line source 
of strength mdx/PQ . a between and Q\ the resultant is a line 
source between and Q' whose strength per unit of length is 

*®* mdx m 






opPQ.a a' 

This line source cancels the portion of (2) which lies between 
and Q'. 

Only those elements of . PQ ^i^^h lie between P and B con- 
tribute anything to the deasi^^x^', hence, adding the eflfects of 
(2), (3) and (4), the total strength at B' is 

, mdy m^eidy mPBdy (m mOP\ , 

Therefore p = _ ^(i + ^) = - ^-. 

But PQ = OQ-OP=-^^ _Fq.OP.OQ 



Therefore P = " 



OQ a' 

ma 



OP.P'Q" 



Hence the image consists of a single source at P' of strength 
ma/ OP, and a line sink from P' to Q' of strength — mxi/OP . P'Q' 
per unit of length ; that is, the image is an arrangement of the 
same form as the object. 
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56. To find the image of a source in a cylinder, the motion 
being in two dimensions. 




Let fif be a source situated outside a cylinder, H the inverse 
point. Then, if an equal source be placed at H, the normal velocity 
q due to the combined effect of both is 

g = - ^ cos OPY+^pCos OPH. 

But since OH ,08=-0P\ the triangles OSP and OPH are 
similar, therefore 

^^"^^^^OPY^-^^^^iSP^-OPco^OPY) 
m 



OP' 

Hence the image of a source at 8 is an equal source at the 
inverse point H, together with an equal sink at the centre of 
the cylinder. 

Similarly the image of a doublet is an equal doublet, but of 
opposite strength, situated at H. 

57. We shall conclude this chapter by applying the method 
of images to determine the velocity potential due to a source 
situated between two infinite parallel planes \ 



p. 


P 


p, 


A 


1 1 


B ' 



^ W. M. Hicks, Quarterly Journal, vol, xt. p. 274. 
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Let P be the source, and let the origin be the middle point 0, 
of a line through P perpendicular to the two planes. 

The image of P in the plane B will be another source P^, such 
that BP^ = BP\ the image of P^ in the plane A will be another 
source P, such that AP^ = AP^y and so on for an infinite series. 
Similarly the image of P in the plane A will be a source P\, such 
that AP\ = AP, and the image of P'j in B will be a source P',, 
such that BP\ = BP\y and so on. The velocity potential of the 
motion of the liquid contained between the two planes due to the 
source P, will be equal to the velocity potential of P together 
with the velocity potential of the two infinite trails of images. 

Let ^5 = 2a, OP^^, 

then OP^^a^-BP^^a- f, 

0P, = a + ^P, = 4a-^, 
OP3 = a + £P, = 6a-^, 
OP^ = 2na - ^. 

Similarly OF^ = 2na + f. 

(i) Let the motion be in three dimensions, and let z, w be 
the coordinates of any point Q of the liquid ; then 

. 1 I ^- r 1 

+ ^[{z + f + 2a + 4Ka)'' + w*} J 

Therefore 

* " ^-'» Lv{(« + f - 2a + 4na)'' + w"} + V{(^ - 1 + *"«)' + ^} J ' 

Each of these expressions is of the form F (z, w), where 

" 1 

F{z, «r) = 2_^ v{(^+4na)' + «^} ' 

We proceed to find a finite expression for this series. If a is 
positive, 

1 2a ft' dg , 

V(a' + fe')~ TT j, a' + fe'cos*g' 
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therefore 

1 ^ 2ar rt' de 

>J\(z + inay + ^']~ TT J„ (z + inay cos' + Ts' 

= 1 /"'' f 1 1 ] ^Q 

■"■iJo l(s + *Ha) cos 6 -■SJI {z + 47ltt)cOS fl + ar(i 

Also ™'^.'^fl-*,\..fl-4^,), 

therefore, taking logarithms and diEFerentiating, we obtain 
- cot -- = :7 + 2, :7ii— ^i-2 = S_„ ,— — . 
Therefore J-' {s, tj) 

TTti, "■" l^ COS ^ — 5^1 + 4/i(( COS 5 ii cos f + :^( + 4Ha cos tf I 

1 r*' ■• sec e sJHh (7rm sec 0/2a) dO 
2aJ„ cosh (ttot sec ^/2a) — 90s (tt^/Sk) 

= _ f log (cosh ^Trm sec e/2a) - cos (7r5/2{i)! dS. 

The first integral becomes infinite at the upper limit, but since 
the variable part of potential functions is the only part which it ia 

necessary to consider, we may subtract - | ace 8 dd, wMch will 

make tbe integral finite, and we shall obtain 

F (.. .) = - /- f " "P ' 7 "■ "° ff °' - ■"' '"-f '" ae. g dS. 
' zaj„ cosh (wnr sec ^/za} — cos(7r2/2a) 

And since ^ = F[(z + ^- 2a), isr] + F{s-^, nr], we finally obtain 

["exp ( - tn^ s ec g/2a ) + cos tt (z + g)/2a 

'h (ttw sec 5/2a) + cos x (s + |)/2a 

esp (— TTOT sec d/2a ) — cos tt (g - f)/2a "] .,„ 

'2a J 



_ j_ fi-' [ej 



cosh (ttw sec g/2a) — cos tt (r — f)/2a 



(ii) Let the motion be in two dimensions : writing x and ?/ 
for 2 and w respectively, we obtain 

* = J S!„ log l(a! + f - 2a + 4»«)' + i/') 

+ i ^Z„ log i(* - f + +m)' + y'l- 
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Let f{x, y) = log n _ ^ [{x + 4na)« + y'}, 

"where the symbol 11 denotes the infinite product for all positive 
and negative integral values of n including zero. 

J40W sin = -^ (1 a ....i. 1 5-a) 

c c \ c J \ n^c^J 






V nc) 
where 11' denotes that the value n = is excluded. Now 

n!« [{x + naf - f] == n*^(a? + y +na) (a? - y + na) 

-(.+,)(.-,)n'!.A.(i + !±?)(: + ?^»), 

therefore 

The first teim which is constant may be omitted; we therefore 
obtain 

f{x, y) = log sin J (^ + ^y) sin ^ (^ - *y) 

=i= log (cosh Try /2a — cos 7rx/2a) — log 2 ; 

whence, omitting constant terms, the value of (f> may be written 

if> = ^ log {cosh 7ry/2a — cos ir{x — f )/2a} 

+ \ log {cosh 7ry/2a + cos tt (a? + f )/2a}. 



EXAMPLES. 

1. Prove that when the motion of a liquid is irrotational 
and symmetrical with respect to an axis, Stokes' current function 
satisfies the equation 



d^^ sind d / ^ dylr\ _ 



and thence show that the current function due to a source of 

strength m is 

yjr=^^mcosd + const. 



r 



thfl I 



I 



CO SOUBOES, DOUBLETS, AND IMAGES. 

2. When the motion is in two dimensions, prove that the 
current function due to a source is md, and apply this result to 
find the image of a source in a circular cylinder. 

3. The motion of a liquid is in two dimenaiona, and there is 
a constant source at one point A in the liquid and an equal sink 
at another point B ; find the form of the stream lines, and prove 
that the velocity at a point P varies as (AP. BP}~', the plane 
of the motion being unlimited. 

If the liquid is bounded by the planes i€ = O,ic = a,y = 0, y = a, 
and if the source is at the point {0, a) and the sink at {a, 0), find 
an expression for the velocity potential. 

4. The motion of a liquid in two dimensions is steady, and is 
due to the presence of any number of sources and sinks. If the 
mass of any source or sink be supposed equal to tliat of the liquid 
wliich it would generate per unit of time (the masses of the sinks 
being negative), show that any source baa a tendency to move 
with an acceleration made up of accelerations from every other 
source and towards every sink, and proportional in each case to 
the numerical strength of the source and sink, and the inverse of 
its distance. 

6. Liquid is bounded by two perpendicular planes OX, Y. 
A source is situated at a point whose distances from the planes 
are a and b respectively. Find the pressure at any point of either 
of the planes, (i) when the motion is in two dimensions, and (ii) 
when in three dimensions. 

6. The boundary of a liquid consists of an infinite plana 
having a hemispherical boss, whose radius is a and centre 0. A 
doublet of unit strength is situated at a point S, whose axis 
coincides with OS, where 05 is perpendicular to the plane. P is 
any point on the plane, OP = w, OS =f. Prove that the velocity 
of the Uquid at P is 

7. Prove that 

=/(()[(r' + a'- 2a3)^ + (r' + a' + 2az)-^ - r''] + yjr {t) 
is the velocity potential of a liquid, and interpret it. Find the 
surfaces of equal pressure if gravity in the negative direction of 
the axis of 2 be the only force acting. 
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8. Liquid enters a right circular cylindrical vessel by a supply 
pipe at the centre and escapes by a pipe at a point A in the 
circumference ; show that the velocity at any point P is pro- 
portional to PB/PA . PO, where B is the other end of the diameter 
A 0. The vessel is supposed so shallow that the motion is in two 
dimensions. 

9. A source is placed midway between two planes whose 
distance from one another is 2a. Find the equation of the stream 
lines when the motion is in two dimensions ; and show that those 
particles which at an infinite distance are distant Ja from one of 
the boundaries, issued from the source in a direction making an 
angle 7r/4 with it. 

10. The boundaries of a liquid are given by ^= + 7r/2n, and 
a source of strength m exists at the point = 0, r = a. Prove 
that the current function for two dimensional motion is 



m _i r^si n 2nd 
27r r*" cos 2n0 — a 



in 



11. A quantity of liquid moves in that quadrant of the plane 
of xy in which x and y are both positive, and which is bounded by 
the planes yz, zx : at the point (a, 0) is a semicircular source of 
liquid, and at the origin a quadrantal sink. Assuming that the 
amount of liquid flowing out of the source per unit of time is equal 
to the amount which flows into the sink, and that the motion is in 
two dimensions; find the velocity potential, and prove that the 
general equation of the stream lines is 
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CHAPTER IV. 

VOBTBX MOTION AND CYCLIC IRROTATTONAL MOTION. 

58. The most general kind of motion of which a fluid is 
capable is one which is a combination of rotational and irrotational 
motion ; that is to say, the component velocities may be regarded 
as consisting of two parts, «,, v^, w^ and u^, v^, w),, where the former 
quaotities are derivable from a velocity potential, whilst the latter, 
which depend upon the molecular rotation, cannot be so derived. 
The peculiarities of the motion specified by the latter quantities, 
and which depend upon the molecular rotation, were first investi- 
gated by Helmholtz' and will now be considered, 

59. We have defined a vortex line to be a line whose direction 
coincides with the direction of the instantaneous axis of molecular 
rotation. If through every point of a small closed curve a series of 
vortex lines be drawn, they will enclose a mass of fluid which 
may be called a vortex filament, or shortly a vortex. 

We have sho^vn that if the forces which act on the fluid have a 
potential, and the density is a function of the pressure, the motion 
of the fluid constituting the vortex can never become irrotational. 
It will now be shown that every vortex possesses the following 
three fundamental properties : 

(i) Every vortex la always composed of the sanie elements of 
fluid. 

(ii) The product of the angular velocity of any vortex into its 
cross section is constant vtith respect to the time, and is Hie same 
throughout its length. 



r. p. 2B; traniUted hj Tut, Phil. Mag. (4) z: 



t. p. 485, 
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(iii) Every vortex rmist either form a closed curve or have its 
extremities in the boundaries of the fluid. 

Let a, b, c be the initial coordinates of an element of fluid 
whose coordinates at time t are x, y, z. Then 

da _db ^dc _^ ds^ __ 

fo Vo ?o «o 

Tj . 7 ax J ct>x fm ax « 

x5ut ax = -T-aa-\- -rr ao+ -r-ac 

da do dc 



^ f^ dx dx ^ dx\ 

^^K^^da^'^^db^^^d-c) 






by § 30 (10); hence E^^P^^ 



«o ^ 



=^ (1). 



dt [pj 



Let u, V, w be the component velocities at x, y, z; and let 
u + du, v + dv, w + dw be the velocities at a neighbouring point 
X + dx, y + dy, z + dz on the san^e vortex line. Since 

dx __dy _dz ^ds _€ 

f "" ^ " ? CD p* 

therefore d« = ^ (f g + ^| + ?g) 

p\dx dx dx) 

by § 24 (5). 

The quantity du is the rate at which the projection of the 
element ds on the axis of x is increasing in length ; and since this 
projection is equal to €d{p''^^)/dt, the line ds still forms part of a 
vortex line. 

This proves the first theorem. 

To prove (ii) let a be the area of the cross section at time t, 
then, since the mass of the element remains unchanged, 

Therefore by (1) 0-^(0^ = ctg), 

which proves that a-a> is independent of the time. 
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64 VORTEX MOTION AND CYCLIC IKROTATIONAL MOTION. 
Also, by § 7 and § 17 (26), 

or IJa cos edS = 0, 
where e ia the angle between the axis of rotation and the normal 
to S drawn outwards. 

Now if we choose iS bo as to coincide with the surface of any 
finite portion of a vortex of small section, together with its two 
ends, cos e vanishes except at the two ends ; and is equal to + 1 at 
one end, and — 1 at the other; hence 

to,dS, ~ o>^dS, = 0, 
which proves the second part of (ii). 

To prove the third theorem, we observe that if a vortex did 
not form a closed curve or have its extremities in the boundary, it 
would be possible to draw a closed surface cutting the vortex once 
only, and the surface integral would not vanish. 

The first theorem and the first part of the second theorem 
depend on dynamical considerations; the second part of thia 
theorem and the third theorem are kinematical, 

60. Since every kind of motion may be regarded as a combi- 
nation of rotational and irrotational motion, we may put 

dx dy dz ' 

^^d<p.dL_dN 

dy dz dx ' 

^d(^ dM_dJ. 

dz dx dy ' 

where ^ is the velocity potential of that part of the motion which 

does not depend on the molecular rotation. 

Hence in the case of a gas, 

_, , du dv dw 1 dp 

' aai dy dz p ot 

but in the case of a liquid V'^ = : in addition to the above 

equations which ^ must satisfy at every point of the fluid, must 

also be determined so as to satisfy the boundary conditions. 

T- , ^ dL dM diV 

If we put J^^ J +^j-+j-' 

^ d.v dy dz 



I 

J 



r we obtain 



INTEGRATION OF THE EQUATIONS. 

ay dz ax 
j with two similar equations. Hence if 

/ = or a constant 
\ we have V"i; + 2| = 0, VW+2'? = 0, V'N + 2^=(i.. 



1 



..(2). 



It follows from (2) that if i/' = or a constant, the quantities 
I L,M,N are the potentials of distributiona of matter whose densities 
I are respectively equal to ^/Stt, ij/Stt, J/Stt ; hence if a^, y', z' be any 
I point where molecular rotation exists, ir, y, z any other point, and/ 
I the reciprocal of the distance between these two points, then 



1 



' \^fdxdy'ds' 



,.(3), 



where f, t/', f are the values of the components of molecular 
rotation at (x, y , z") and the integrations extend throughout those 
I portions of fluid where there is vortex motion. 

We have now to prove that the above values of L, M, N make 
i constant. 

M=_§L 

dx dx ' 

.df\ 



J=0o 

Since 



we have 



-hm%<-^ 



j dafdy'd^ 



^jjfiV + m,' + ,()dS 



pdx'dy'd^. 



'^2vj]}W~^dy''^dz'. 

The volume integral vanishes by § 17 (26), and if the vortices 
fform closed rings the surface integral vanishes, since at the 
[■surface of each vortex l^' + irni' + n^' = 0. 

Also, if the fluid extends to infinity and ia at rest there, the 
I surface integral will either vanish or be equal t« a constant, since 
I f . V, r and / all vanish at infinity. But if the fluid is bounded 
I either externally or internally, and some of the vortices extend to 
\ this boundary and then break off, we must suppose the boundaries 
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removed aod a hydrodynamical system sulastituted for them, auch 
that the velocity at points occupied by the boundary remains un- 
changed. This hydrodynamical system will necessarily consist, in 
part, of the continuations of these vortices, which must either 
extend to infinity or form closed curves, and in either case the 
surface integral taken throughout the vortices included in this 
larger region, as well as throughout those included in the original 
region, will vanish or he constant. 

61. If Bu, Sv, Sw he the component velocities at a point x, y, z 
of a fluid due to an element dx'dy'd^ whose rotations are f, tf, ^'\ 
then 



tu- 



rif .■■'P 



2irl,' dy 



' dz, 



d^d^ dx'i 



..(4). 



K r ih 

^^L orcli 



whence if r ' =/, we obtain 

^^ = ^ i?' (^ - ^') - r (^ - ^')] dx'dydz. 



^^ = 2^» If ^y ~ y"> -vi.^- a;')} dx'dydz. 
Hence, if g is the resultant velocity due to the element, 

'i^^^^^'^y'^^' C^)' 

where e is the angle which r makes with the direction of the axis of 
rotation of the vortex element. It also appears from (4), that this 
velocity is perpendicular to the plane containing the direction of 
r and the vortex element, and that its direction is that in which 
the point {x. y, z) would move if it were rigidly attached to a body 
moving with the vortex element. 

62. At all points external to a vortex the motion is irrota- 
tional, and a velocity potential consequently exists. We shall 
now show that the velocity potential at any point, due to a vortex 
of small cross section, is proportional to the solid angle subtended 
by the vortex at that point. 

Let a-, y, z be the given point, x', y , z any point on the vortex, 
r the distance between (a;, y, z) and (x, y, s'). Using polar co- 
ordinates r, 6, ^ referred to {x', y', z") as origin, we have 
r sin 6 cos ^, y — y'=r sin 6 sin ;^, s - 
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Now if fl be the solid angle subtended at {x, y, z) by the 
vortex, 

= /(l-cos^)dx 



= jdx-/cos^-^cfo, 



where the integration with respect to s extends once round the 

vortex. 

oc ~~ oc 
Now , = cot v. 

Therefore (y -y')-^ - {(c -x') J^ = ^ sin* -^ . 
Therefore 



n-^.-/^{(.-rtS'-(.-.-)fj 



ds 



{x - xj + (y - yy • 

The first term is equal to 27r or zero according as the vortex 
does or does not embrace the axis of z ; also 

da 

dz 



in f{ . ,.dx , M d'if\ ds 



Now by (4) if w be the ^r-component of the velocity due to a 
vortex of small cross section cr, 

TT di> (OCT dfl 

^^^^" dz^-^-d^^ 

or <^ = -|^n (6). 

If the section of the vortex be of finite area, the velocity 
potential will be 

<f> = -^ff<onda (7), 

where the double integral extends over the cross section. 

Since the solid angle ft diminishes by 47r, whenever the point 
X, y, z describes a closed curve in the positive direction, which 
embraces the vortex once, <^ is a many valued or cyclic function. 

The product of the angular velocity and the cross section of a 
vortex filament, is called the strength of the filament. 

5—2 
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Vortex Sheets. 

63. If we have a sheet of thickness h, consisting of rotation- 
alty moving liquid, and if w increase and A diminish indefinitely 
but so that the product eok remains finite, equal to a>', we ultimately 
obtain an indefinitely thin film of rotationally moving ae^ati^ 
whose molecular rotation is to'. Such a film is called a Vortex 
Sheet. 

By (3), if ^', Tj', ^ be the components of w', the quantities L, M, N 
which determine the velocities are given by the equations 



^=il//l« »'yM''' 



^ttIIR 



_ piai 

H the 

k 



■where B is the distance between any point on the vortex sheet 
and the point {x, y, z), and the integration extends over the 
vortex sheet. 

64. It was first pointed out by Helmboltz', that the equations 
of motion and the equation of continuity of a perfect fluid do not 
exclude the possibility of slipping taking place along a surface ; 
for the only conditions to which the velocity must be subject are, 
that it must be finite at all points of the fluid, other than points 
where sources or sinks exist, and also that its normal component 
at all points of any surface drawn in the fluid must be continuous. 
The above conditions obviously do not require that the tangential 
component should be the same on both sides of such a surface, 
and hence the conditions to which the velocity must be subject 
will not be violated if slipping takes place. 

65. We shall now show that every surface of discontinuity 
over which slipping takes place has the properties of a vortex 
sheet. 

Let I, m, n be the direction cosines of the normal at any point 
P of such a surface of discontinuity ; u.v,w, u', v', w' the compo- 
nent velocities on the positive and negative sides of the surface. 
It is evident that it will be possible to draw a line in the tangent 
plane at P such that the tangential components along this line of 
the velocities on both sides of the surface shall be equal. Let 
X , fi, v be the direction cosines of this line; and let X, y., v be those 
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I of the line through P perpendicular to I, in, n and X', ft, v, and 
which is therefore the line along which slipping must take place. 
Then i (w - m') + m (« - v') + n{vi-v})= 0, 

\' {u~u) + fL' iy -tl) + v' {w ~v/) = 0; 
also let X (u — «') + ;* (ti — t>') + p (w — «/) = ff. 

From these equations we easily obtain 



(9)- 

(10). 

the integration extending over the positive side of the sheet only ; 
then 



h\\°i° 



III 



i-n-J. 



{pm — fi.n) -p dS 



dS 



•0}f 



Now the surface S may be regarded as the limit of the surface 
of a solid hounded by iS and another surface indefinitely near S 
whose distance from it is A; we may therefore write 



= i//< 



(mvi — nv) dS- .- I 



d 1 
'dy'R~ 



d 1\ 
'5lJ 



where the surface integral extends over the surface S and the 
surface indefinitely near it, and the volume integral extends 
throughout the volume enclosed by the two surfaces. The latter 
integral evidently vanishes in the limit. Integrating by parts we 
obtain 



^■rllJR 



IrUs 

■f 



dhdS 



■•(11), 



ultimately, 

Comparing (10) and (11), we obtain 

It therefore follows that the effect of the surface of discon- 
tinuity is the same as that of a vortex sheet whose molecular 
rotation is ^a; and that the direction of the vortex lines is perpen- 
dicular to that of slipping. 
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Circulation. 

66. We have shown that the motion of a fluid may be 
separated into two kinds, rotational and irrotational motion ; and 
it appears from § 62 that irrotational motion may be subdivided 
into two classes according as (^ is a single valued or a many valued 
function. In the former case the motion is called acyclic, and in 
the latter case cyclic irrotational motion. 

67. The line integral J(«^ + vdy + wdz) taken along any 
curve joining a fixed point A, with a variable point P, is called 
the_/?ow from A to P. 

If the points A and P coincide, so that the curve along which 

the integration takes place is a closed curve, this line integral 

is called the circulation round the closed curve. 

If any surface which is bounded by a closed curve be divided 
into elementary areas by a series of 
lines drawn upon it, the circulation 
round the bounding curve is equal to 
the sum of the circulations round each 
of the elementary areas; for the flow 
along the sides of all the elements, 
except those sides which form part of 
the boundary, is taken twice over and 
in opposite directions. 

In the same way it can be shown 
that the circulation I'ound any closed 

curve is equal to the sum of the circulations round its projections 

on the coordinate planes. 

68. Let us now determine the circulation for an elementary 
rectangle ABGD, whose sides are dy, 
dz, the positive direction being from 
the axis of y to that of z. 

Let cc, y, & be the coordinates of 0, 
the centre of inertia of the rectangle; 
u, V, tu the velocities at 0. 
The portion of the circulation due to the two aides B and D is 

(w + ^w, dy) dz~{w — ^w^ dy) dz = w^ dydi 
that due to the two sides C and A^ — v, dydz. 
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Eenoe the circulation 

= {w, - V.) dydz. 
Hence, if dS be an element of a surface 8 whose projection on 
I the plane ys is the rectangle ABGD, the circulation round the 
I boundary of S 

= //[(io,- v,)di/dz+ (i(, -wjdzfij; + (?!,-- M,)da;di/]. 
Hence we obtain the following important analytical theorem, 
which ia due to Prof. Stokes', viz. 



/dv du\\ 



i)+-(£-i)t''« 



= J{udx + vd!/ + wd:!:) (12), 

where the surface integral is taken over any surface bounded by a 
I given curve, and the line integral is taken once round the curve. 
Substituting the quantities f, ti, ?, we obtain 

2fJ{l^ + mv + n^) d8 = J(udx + vdt/ + wds) (13), 

69. Several important consequences can be deduced from this 
theorem. 

If there are no vortices in the fluid, f, ij, f are everywhere zero, 
and the circulation vaniahea. Hence in this case must be a 
single valued function. 

Since every vortex must either form a closed curve, or have its 
extremities in the boundaries of the fluid, it follows that if the cir- 
culation be taken round a closed curve which embraces a vortes 
once only, the surface 8 must cut the vortes an odd number of 
times. Hence in thia case the circulation will not vanish, but will 
be equal to twice the surface integral on the left-hand side of (13). 
Since ^, tj, f are zero at all points of 8, except those which lie 
in the vortex, the value of the circulation is 2//t(j cos edrr where da- 
is an element of that portion of S which is cut off by the vortex, u 
the molecular rotation, and e the angle which its direction makes 
with the normal to <r drawn outwards. 

Hence the value of ^ at any point P of a closed curve which 
embraces a vortex experiences a constant augmentation every time 
P travels round the curve to its original position, which is equal to 
twice the above-mentioned surface integral. This constant aug- 
mentation is called the cyclic constant of 0, 

' BmilU'B Prize ExammatioD, 1851. 
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If the Hoe integral is taken rouod a closed curve which does not 
embrace a vortex, S can be drawn so as not to cut any of the 
vortices ; if S cut any vortex once, it must cut it again, and by § 59 
the two portions of the surface integral cancel one another ; hence 
the surface integral and therefore the circulation round such a 
curve will be zero. 

Since the circulation taken round any indefinitely thin vortex 
filament is equal to twice the product of its angular velocity and its 
cross section, it follows from § 59 that the circulation is inde- 
pendent of the time ; and since every vortex of finite section can 
bo divided into indefinitely thin vortex filaments, it follows that 
the circulation round a vortex of finite section is also independent 
of the time. 

70. It thus appears that whenever there is circulation the 
velocity potential is such as would be due to some distribution of 
vortices in the fluid. These vortices need not however have an 
actual existence, since in the cnse of a liquid it is possible for hollow 
spaces to exist in the liquid round which circulation takes place; 
or the vortices of which i^ is the velocity potential may lie beyond 
the boundaries of the fluid. For example, if = tan"' y/x = 6, 
ia a two dimensional many valued velocity potential whose cyclic 
constant is 2Tr for all circuits which embrace the origin, and zero 
for atl other circuits: and it will be shown in the second volume, 
thatif the pressure at a distance from the origin be properly adjusted 
by means of suitable boundary conditions, it is possible for the 
cylinder r = tt to be a free surface, which forms the inner boundary 
of a Hquid, and the space within wl ich is devoid of liquid. It is 
also possible to have circulation roiind a fixed rigid cylinder, in 
which case 4> will be the velocity potential of one of the possible 
motions of the liquid which may take place. 

71. Since a fluid always flows from places of lower to places of 
higher velocity potential, it follows that when the motion is acyclic 
the stream lines cannot form closed curves but must begin or end 
in the boundaries or singular points of the fluid ; but when the 
motion is cyclic some of the stream lines may be closed curves, 
whilst others begin and end in the boundaries of the fluid. 

72. The circulation round any closed circuit may be shown 
not to alter witli the time as follows'. 

. Tliumaou, " VorU'i Motivn," Tiistis. Itoy. Soe, Edin., vol. iiv. 
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therefore 



Let AB be a, c\iTve joining two points A and B of a fluid which 
always passes through the same elements of fluid ; also let / be 
the tangential velocity of the fluid at any point Pot AB; then 
fds = udx + vdy + wdz ; 

Si(/*'' = a *'+"-* ' + *«■ 

Let pq be the projection of ds on the axis of a; ; u, u + du the 
component velocities of p and q parallel to x ; then 

u = dxidt, u->i-du=d{x + dx)jdt; 
hence du = d. dx/dt, therefore 

dw , 



dt 



(iidx + vdy + wdz) 



Therefore 



^ / (itdx + vdy -f wdz) 



+ -^--ds + udu + vdv + wdw. 



-[Q^h9^B-lQ+W\A- 



Since Q and q ore always single valued functions, the right- 
hand side vanishes when the integration is taken round a closed 
curve, which proves the proposition. 



73. If at some particular instant, which we shall choose as the 
origin of the time, the motion ia irrotational and acycUc, the cir- 
I culation will be zero round every closed circuit, and the preceding 
I proposition shows that it will always remain zero. 

Hence we obtain another proof of the proposition that motion 
which is once irrotational is always so ; and also that irrotational 
motion which at any particular instant is acyclic, always remains sa 



Simply and Multiply-Connected Regions. 

74. Whenever the motion is cyclic, the flow between two 

points will not have the same value for two different Hnea joining 

I them, unless the lines are such as are capable of being made 

to coincide, without cutting through any of the vortices o 
I through the boundaries of the fluid. The latter class of lines 
I called reconcileahle lines, the former irrecotidleable lines. 



75. We are thus led to consider the properties of simply and 
I multiply -connected regions, which are defined as follows. 



r 
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A simply-comiected region, is one in which any two lines join- 
ing two given points, may be made to coincide with one another, 
without passing out of the region in question. 

The spaces inside or outside an ellipsoid or paraboloid are simply 
connected regions. 

A multiply-connected region, is one in which two or more lines 
can be drawn connecting two points, which cannot be made to 
coincide with each other without passing out of the region in 
question. 

The space inside or outside an anchor ring, is an example of a 
doubly-connected region. 

A region in which n irreconcileable lines can be drawn, is called 
an n-pli/ connected region. 

Hence in a simply- connected region, every closed circuit is 
capable of being contracted to a point without passing out of 
the region. In an n-ply connected region, it is possible to draw 
ji — 1 different circuits, which cannot be contracted to a point 
or be made to coincide with one another without passing out of 
the region. 

Any circuit drawn in a multiply-connected region, which is 
capable of being contracted to a point without passing out of the 
region, is called an m>a7iescible circuit ; and any two circuits which 
can be made to coincide with each other without passing out of the 
region, are called mvtually reconeileahle. 

76. Every n-ply connected region, may be reduced to a simply 
connected region, by drawing n— 1 barriers or diaphragms, such that 
each diaphr^m meets every simple non-evanescible circuit once 
only. For example, the space outside two circles which do not cut 
one another, is a triply-connected region in two dimensions; but 
if from a point on each of the circles, we draw two lines to infinity 
which do not cut one another, the region becomes simply-con- 
nected. 

77. If be a polycyclic velocity potential, the circulation round 
any closed curve, which does not cut any of the barriers is conse- 
quent'- 'f the circuit cuts all of the barriers once only, the 

+ «, -t- &c. where «, , k^ are the cyclic constants 
. each barrier. The number of barriers which 
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ftiust be drawn, in order to make the circulation round every 
■dosed curve vanish, is equal to the number of cyclic constants 

78. Every polycyclic function may be expressed as the sum 
foi the same number of monocyclic functions, as the function has 

cyclic constants. For if the number of cyclic constants be n there 
will be n simple non-evanescible circuits round which the circulation 
does not vanish ; hence if 

^= «(,il, + K,I1, + + «,fi,. 

I where 11, , H, are monocyclic functions, whoae cyclic constants 

I- are unity ; and which are such that the line integral 

A d II, dx dn^ dy dn, dz\ , 
dx ds dy ds dz dsj ' 
f taken round any closed circuit is zero, except when the circuit cuts 
[ the barrier corresponding to k^, it follows that the circulations 
I round each of the simple n nou-evauescible circuits, are respectively 

I equal to «,, k, , hence the circulation round a circuit which 

[ onts each barrier once only is equal to «, + k, + + «,. 

Vorttdt^. 

79. Let a mass of rotationally moving fluid be divided up into 
I elementary vortex filaments ; and let P be any point on the axis 
I of one of these filaments, dm the mass of the filament which 
' contains P, w and dS the molecular rotation and cross section of 

the filament at P at time t. Then the quantity wdS/dm is called 
the vorticity of the fluid at the point P. 

This quantity has the same value at all points of the filament 
which contains P, and is constant with respect to the time, for if 
the suffixes denote the initial values of the quantities (or their 
values at some given epoch) and ds is an element of the axis 
of the vortex element, the vorticity 

_codS_ m^dS, _o)„ 

dm itPod^i, IrPn ' 

by § 59, (1); where i, is the initial length of the filament. 

The aggregate vorticity of a mass M of rotationally moving 
fluid is equal to the sum of the vorticities of every filament, and 
therefore 

"^pdSds 



= ijj» cos .iS, 



I 
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where dS is an elemeot of any surface which cuts all the vortex 
filaments once only, and e is the angle between the direction of r» 
and the normal to S drawn outwards. 

If the rotationally moving fluid is surrounded by irrotationally 
moving fluid, and consists of an arrangement sucb as a circular 
vortes ring, which is resolvable into elementary circular filaments 
which are perpendicular to the meridian sections of the ring, the 
aggregate vorticity is equal to ^k/M, where « is the circulation 
round any closed circuit which embraces the ring once. But if 
the rotationally moving fluid consisted of the arrangement above 
described, together with an outer sheet which is resolvable into 
filaments lying in planes passing through the meridian sections of 
the ring, the circulation will remain unaltered, but the aggregate 
vorticity will be 

where M^ is the mass of the inner ring, if, that of the sheet, and 
01, dS are the molecular rotation and cross section at any point of 
one of the elementary filaments of the sheet. Hence the aggregate 
vorticity is not necessarily proportional to the circulation. 



Green's Theorem. 

80. The following theorem, which is of great importance in 
Electricity and various branches of physics, is due to Green'. 

Let and yfr be any two functions, which throughout the interior 
of a closed surface S are single valued, and which together -mth 
their first cwid second derivatives are finite and continuous at every 
point vnthin S ; then 

-f[|'-fV>&<'!/"i2 ■..•(15), 



-^!h 



where the triple integrals e:etend throughout the volume of S, and the 
surface integrals over the surfaoe ofS, and dn denotes an element of 
the normal to S drawn out/wards. 

Mat)iemalical Papcri, p. 24. 
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GREENS THEOREM. 
itegrating the left-hand side by parts, we obtain 



=//* 



where the brackets denote that the double integral ia to be taken 
within proper limits. Now since the surface is a closed surface, any 
line parallel to x, which enters the surface a given number of times, 
must issue from it the same number of times ; also the a;-direction 
cosine of the normal at the point of entrance, will be of contrary 
sign t6 the same direction cosine at the corresponding point of 
exit ; hence the surface inte 

dx 

Treating each of the other terms in a similar manner, we find 
that the left-hand side of (IG) 

The second equation (15) is obtained by interchanging 
and i/f. 

81, We may deduce several important corollaries. 

(i) Let be the velocity potential of a liquid, and let -^ = 1 ; 
then Y*0 = 0, and we obtain 

0=\l\^''<i>dxdydz=\\^dS (17). 

The right-hand side is the analytical expression for the fact 
that the total flux across the closed surface is zero ; in other words 
as much liquid enters the surface as issues from it. 

(ii) Let 1^ and i/r be both velocity potentials, then 

" li^tHl^t^' ('«)• 

(iii) Let ^ = '^, where i^ is the velocity potential of a 
liquid ; then 

If we multiply both sides of (19) by \p, the left-hand side is 
equal to the kinetic energy of a liquid, and the equation shows 
that the kinetic energy of a liquid whose motion is acyclic and 
irrotational, which is contained within a closed surface, 
solely upon the motion of the surface. 



I 
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82. Let us now suppose that liquid contained within such a 
surface is originally at restj and let the liquid be set in motion by 
means of an impnlsive pressure p applied to every point of the 
surface. The motion produced must be necessarily irrotational, and 
acyclic ; also if <f> be its velocity potential, it follows from § 42 (50) 
that p = — pip- Now the work done by an impulse, is equal to the 
product of the impulse into half the components in the direction 
of the impulse, of the initial and final velocities of the point to 
which it is applied ; hence the work done, 

and equation (19) asserts that the work done by the impulse is 
equal to the kinetic energy of the motion produced by it, which is 
a particular case of the Principle of Energy. 

83. Let US in the next place suppose that liquid is contained 
within a closed surface which is in motion ; and let the motion of 
the liquid be irrotational and acyclic; also let the surface be 
suddenly reduced to rest. Then if ^ be the new velocity potential, 
d^jdn = 0, and therefore 

;©^©'-©]''*^-''. 

whence d^jdx, d^jdij, and di^jdz are each zero, and therefore the 
liquid is reduced to rest. 

81. In proving Green's Theorem, we have supposed that the 
region through which we integrate, is contained within a single 
closed surface, but if the region were bounded externally and 
internally by two or more closed surfaces, the theorem would still 
be true, provided we take the surface integral with the positive 
sign over the external boundary, and with the negative sign over 
each of the internal boundaries. 

85. Let us suppose that the liquid extends to infinity and is 
at rest there, and is bounded internally by one or more closed 
surfaces 8^, S^ &c., and let us calculate the value of T for the space 
bounded by S^, S, &c., and a very large sphere iS whose centre is 
the origin. Then 

here the square brackets indicate that the integral is to be taken 
of the internal boundaries. 



m 
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Now at the surface of 8, (f> will be of the order m/r, where m 
is a constant, and d(f>/dn = d<f>fdr = — m/r^ ; also if dil be the solid 
angle subtended by dS at the origin, dS = r'dfl ; therefore 



iht'^'-Tlh- 



47rm' 



which vanishes when r = x . Hence the kinetic energy of an 
infinite liquid which is at rest at infinity, and which is bounded 
internally by closed surfaces is 



^=-*4//*SH « 



where the surfaoe integral is to be taken over each of the internal 
boundaries. 

The preceding expressions for the kinetic energy show that 
if the motion is acyclic and the internal boundaries of the liquid 
be suddenly reduced to rest, the whole liquid will be reduced to 
rest. 

86. When the motion takes place in two dimensions, Green's 
Theorem may be established in a similar manner. Let the liquid 
be bounded externally by a closed surface 8, and internally by one 
or more surfaces 8^, 5,.... Then 

-[/+(s''i'*|'^)]--C1'v'**=* 

where v' = d^/da? + d^l^y^ ^^^ ^^^ square brackets denote that the 
line integral is to be taken once round the circumferences of each 
of the interual boundaries. Now if we integrate round the 
boundary of the liquid in the .contrary directions of the hands of 
a watch, the integration with respect to y will be in the same 
direction and that with respect to x in the opposite direction 
to 8y whence the first integral becomes 

r (d<j> dx d(l> dx\ , 
J ^\dxds dy ds) ' 

also if dn be an element of the normal drawn outwards, 

dxjds = — dy/dn, dy/ds = dx/dn, 
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whence f f(# ^^t + -j* f ) 

JJ\ax ax dij ay J 

=/*S*-[/*S*]-//*V''C*'*-.(22). 
This is Green's Theorem for two-dimensional space. 
Hence the kinetic energy of the hquid is 

r=i,//3^*-jp[/,ff*] (23). 

In this equation may be either the velocity potential or the 
current function. 

If the liquid extends to infinity and is at rest there, the value 
of ^ if single valued, at a great distance from the origin, must 
be of the form 

^ log r + r"' (B cos ^ 4 G sin d), 
and therefore when r is very large the first integral becomes equal 
to %-jTpA^ log r which becomes infinite when r= <x) unless ^4 = ; 
when this is the case, since all the other terms vanish, we obtain 

^=-j'>[/*2]'" (^*). 

the integrations being taken round the internal boundaries only. 

87. All the results of the laat article may be also obtained by 
means of Stokes" theorem § 68 (12), and they may be extended 
to the case of polycyclic velocity potentials in the same way as in 
the next article. It should however be noticed that if be a 
polycyclic function, it will contain terms of the form A6, and 
hence ^ will contain terms of the form A log r and will therefore 
be single valued. We may therefore, in the case of cyclic motion, 
employ the single valued current function, instead of the velocity 
potential ; hut when there is circulation it follows from the 
last article that the kinetic energy will he infinite if the liquid 
extends to infinity. We shall show how the difficulty thus intro- 
duced may be evaded in Chapter VIII. 



Thoi 



THOMSONS THEOREM. 



n's Extension of Green's Theorem. 



38. The proof of Green's Theorem given in § 80 holds good 
I'Oaly when <f> and ^ are single valued functions. If they are poly- 
Icyclic functions, the surface aud volume integrals on the right 
I hand side of (14) and (15) become indeterminate. The extension 
I of this theorem when <j) and ■<jr are polycyclic functions is due to 
f Sir W. Thomson'. 

Let us suppose that the region ia multiply-connected, and that 
I is a polycyclic function whose cyclic constants are «,, k,... Let 
rtiie region he made simply connected by drawing the requisite 
I number of barriers. Since we are not allowed to cross any barrier 
r during the integration, we must include the surface on both sides 
' of the barrier in the surface integrals. Hence if du^, d<r^...he 
\ elements of the different barriers corresponding to the quantities 

e, ... respectively 



Iht^'^-Sht^'^-lhi. 



d^ 



da-,- 



jht^.-jht^'^-lh^-'y^-" 



I 



[■ where on the right-hand side, the integration with respect to S 
i extends over the boundaries, and that with respect to o-, over both 
f sides of the barrier cr^. 

Now the values of d-^jdn are equal in magnitude and of 
\ oontrary sign at two contiguous points situated on different sides 
I of the barrier, also the value of ^ on the negative side exceeds 
that on the positive side by «,, therefore 



■/■#,, 



Iwhere the integration on the left-hand side extends over both 
I'Sides of the barriers, and that on the right over the positive aide 
I only. 

Hence instead oi jj^d-^jdn . dS, we must write 

an 



//*S--'.//S-.- 



"On Vortei Motion," Trans. Roy. Soc. Edit. 



'■lifj- 



vol. s 



'. p. 217. 
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Similarly if i^ were a polycyclic function whose cyclic constants 
are «',, «', we must write instead of Jji/^rf^/rfii , rfiS, 



//^S--<//S-.-'./fi-. 



r 



Hence when and y^ are polycyclic functions and the region 
is a multiply- connected one. Green's Theorem becomes 

-J/#v><fc<iy"*» (25), 



- J}J-^^^(f>dxdydz. 




where the first integrals on the right hand side are to be taken 
over the outer boundary, and the square brackets denote that the 
second integrals are to be taken over each of the internal bound- 
aries. 

89. Putting = i/»-, it follows that if the liquid extends to 
infinity and is at rest there. 

The first term represents the work done by the impulsive 
pressure which must he applied to the boundaries iS in order to 
produce the actual motion from rest. The second term represents 
the work done by a uniform impulsive pressure ic,p, applied in 
the positive direction to eveiy point of the barrier corresponding 
to Ky Hence cyclic irrotational motion may be artificially gene- 
rated by means of a proper impulsive pressure applied to every 
point of the boundaries, together with uniform impulsive pressures 

xj}, iej3 , applied respectively to every point of the barriers, 

which must be drawn in order to make the region occupied by 
the Kquid simply connected. We may therefore generalise the 
theorem of § 85, by asserting that if irrotationally moving liquid 
occupying a maUiply-comiected space, is bounded by moving surfaces, 
which are suddenly brought to rest, the whole liquid will be reduced 



I 
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to rest unless its motion is cyclic ; and that in the latter case, the 
cyclic motion which could have been generated in the manner above 
described will not be destroyed. 

90. The foregoing arguments show that if the bminding surface 
of a liquid which was originally at rest, be made to vary in a given 
arbitrary manner, the kinetic energy of the liquid at each instant, 
will be less than it would be if the liquid had any other motion con- 
sistent with the given motion of the bounding surface. 

SiDce the liquid is originally at rest, the motion which is 
caused by the variation of the bounding surface will be acyclic 
irrotational motion. But the most general kind of motion which 
is possible within the surfa^ze is a combination of acyclic, cyclic 
irrotational motion, and vortex motion. The first can be destroyed 
by means of a suitable impulsive pressure applied to every point 
of the boundary, but the two latter cannot be destroyed by any 
operations performed on the boundary alone. Hence the kinetic 
energy of the acyclic motion alone, must always be less than the 
kinetic energy of the most general possible motion. 

This theorem is due to Sir W. Thomson'. 

yi. When the motion is rotational the kinetic energy cannot 
be obtained by Green's Theorem, since within a vortex there is no 
Telocity potential. In this case 

T = ^pJSJ(u' + v*-\-w'')da!dyd2, 

. ffCi fdtf, , dN dM\ /d<l> dL dN\ 

=^nnr{I^'dy-d.r'(i,-'T.-d.) 

> dxdydz. 



-a- 



dM_ dZM 
dx 



by § 60. Integrating by parts, the terms involving <f> 

= ^pS!<t>{lu + mv + nw)dS, 
since the volume integral vanishes by virtue of the equation of 
continuity. The other terms 

= ^pJJ[L(nv-mw) + M{lw~nu) + N'(mu~lv)]dS, 
■' Notes on HjiJtodynaimcB," Caiab. and Dubt. Math. Jovm., vol. iv. p. 90. 
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If the liquid extends to infinity and is at rest there, and all the 
vortices are within a finite distance of the origin, the surface 
integrals will vanish and we obtain 

T='pfJf(L^ + M7, + N'^dxdyd2 (28). 

92. Let us now suppose that we have two closed vortices of 
small cross sections a^, ir,. Let ct?,, ds, be elements of their lengths ; 
Kj, Kj the circulations due to them ; then 

where the line integrals extend round each respective vortex. Now 
fl dx J , Kj fl da; 



, K, fl dx . , K^ ri dx , , „ 
i-r J r ffls, iTT Jr as. 



Therefore 


^'l 


(4«,' + 2B«./t, + (7«,") 


ere A = 


-mM 


dy dy 


dz dz\ , . 
ds da J ' ' 


£-- 


-mx 


-It/tt)^'.*- 



and Cis obtained from A by changing s„ s,' into s,, s^. If e be the 
angle between the two elements ds^, ds^, these expressions may be 

written 



= //^'d.A'. B = jj°°^d,,ds,. Cjp^ 



dSjds,'. 



The quantities A and G are evidently the coefficients of 
self-induction of two electric currents of unit strengths which 
coincide with the vortices /c, and «, respectively, and the quantity 
B is the coefficient of mutual induction of two such currents. 
Hence the kinetic energy of the hydrodynamical system is equal 
to the electro-kinetic energy of two currents of strengths J«, (p/tt)' 
and ^K^ipJTry respectively, which occupy the positions of the 
vortices. This proposition may easily be extended to any number 
of vortices. 
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93. Another expression for T may be obtained in the form 

For the first term 

-///-HS-D-KS-l")}".^ 

since the surface integral vanishes. Transforming the other terma 
in the same way, adding, and making use of the equation of 
continuity, we obtain 

'///("'+"'+«''+'" S +»■' ^ + ™ S) "J"*'- 

Integrating the last three terms by parts, the right hand side 
of (29) 

= i P ///("' + 1^ + w;") dxdyds. 

94. When the motion is symmetrical with respect to the axis 
of z, an expression for T may be obtained in terms of Stokes' 
current function ; for 

Therefore 

where the first integral refers to the external, and the second 
integral to the internal boundaries of the liquid. 

Now in order that this kind of motion may be possible, it is 
necessary that the boundaries should be surfaces of revolution 
whose axes coincide with the axis of z. Let s be an element of 
the meridian curve of one of the boundaries, and let the inte- 
gration with respect to s be taken from s to ot. Since the 
integration with respect to cr will be in the same direction, and 
that with respect to 2 in the opposite direction to s, the first 
integral becomes 

J t!! \az as dis dsj J m an 



-lit 



1 
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where dn is an element of the normal drawn outwards. The 
volume integral is equal to 

-2Jffmd-stdz. 
where oj is the molecular rotation : whence 

If the motion is irrotational and the liquid extends to infinity, 
and is at rest there, 

^— [/*S'"] <''). 

where the integration is taken once round the meridian curves of 
each of the internal boundaries. 



On the Connection between Vortex Motion and Electroiimgnetism. 

95. In § 60, we have shown that the velocity potential at P 
due to a single closed vortex filament of strength m, is 

^ = - mn/27r, 
where 12 is the solid angle subtended by the vortex at P. 

This 13 the magnetic potential of an electric current of strength 
— mjtTT, which flows round a closed circuit coinciding with the 
vortex (Maxwell, Electricity and Magnetism, vol. ir. §| 410 and 
484). Now tlie magnetic potential due to such a current is the 
same as that due to a simple magnetic shell of strength — m/27r 
which is bounded by the current ; also by § 48, ^ is the velocity 
potential due to a doublet sheet of strength m/27r bounded by the 
vortex. Hence a vortex filament and a doublet sheet respectively 
correspond to an electric current and a magnetic shell, and a 
vortex sheet may be replaced by a doublet sheet in the same 
manner as an electric current may be replaced by a magnetic 
shell 

The action of a vortex filament upon the surrounding liquid is 
determined by the quantities L, M, N, whence it follows from (3) 
that the molecular relation corresponds to an electric current : the 
quantities L, M, N to the components F, O, H of electromagnetic 
momentum ; and the velocities u, v, w to the components a, yS, 7 
of mt^netic force (see Maxwell, § 616), 
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rAIso the magnetic potential of a magnetic shell, and the 
velocity potential due to a doublet sheet are essentially single 
valued functions, since the line integral of magnetic force and 
the circulation are zero for all circuits which do not cut the shell 
or doublet sheet, and which it is not permissible to cross ; on the 
other hand the magnetic potential due to an electric current, and 
the velocity potential due to a vortex, although represented by 
the same quantities, are cyclic functions, the cyclic constant being 
equal to 2m, where )« is the strength of the vortex. This cycKc 
constant ia equal to the line integral Jdift/ds , da taken once round 
a closed circuit embracing the vortex or current once ; and in the 
former case it represents the circulation, and in the latter case 
the work which would have to be done in moving a magnetic 
pole once round the current in opposition to the magnetic force 
exercised by the current (Maxwell, § 480). 

The potential energy of a magnetic shell of strength — 1, 
placed in a magnetic field, the components of whose vector 
potential are F, G, H ia {Maxwell, % 423) 



The flux through a closed vortex ring ia, 
// (}u + mw + ww) dS 

=//{'ri-f)-(s-f)-(f-f)}- 

and this corresponds to the potential energy of the magnetic 
shell. 

The following table shows the connection between the two 
subjects : 
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Uy<irodyiw,mical Quantities 


Electromagnetic Quantities 


Name 


Symbol 


Name 


Sjnibol 


Velocity of Liquid 


U, V, w 


Magnetic Force 


-, A 7 


Molecular Rotation 


^, V, C 


Electric Current 


U, V, w 




L, M, N 


Momentum 


F, G, K 


Velocity Potential 
due to Vortex 


4> 


Magnetic Potential 
of Current 


n 


Vortex Filament 




Electric Current 




Doublet Sheet 




Magnetic SheU 




Circulation 


' 


Work done in 

moving a Magnetic 

Pole once round 

Current 




Plux through Vortex 




Potential Energy 
of Magnetic Shell 





In addition to the papers cited in the preceding chapter, we 
may refer to the following by Sir W. Thomson : " Vortex Atoms," 
Fh.il. Mag. (4) xxxiv.; "Vortex Statics," Proc. Roy. Soc. Edin. 
1876 ; " On Maximum and Minimum Energy in Vortex Motion," 
Phil. Mag. (5) xxiii. p. 529. 



The theory of rectilinear e 
in the second volume. 



id circular vortices will be discussed 




1, Liquid is contained in a simply-conuGCted surface S; ii vr 
is the impulsive pressure at any point of the liquid due to any 
arbitrary deformatioo of S subject to the coudition that the 
enclosed volume is not changed, and w' the impulsive pressure for 
a different deformation, show that 



Iht'Hkt^'- 



I 



2. If a. sphere be immersed in a liquid, prove that the 
kinetic energy of the liquid due to a given deformation of its sur- 
face, wilt be greater whea the sphere is fixed than when it is free. 

3. If V be the attraction potential of a uniform circular 
lamina of unit density, in the plane of X)f, prove that (odVjdz will 
be the velocity potential of a circular vortex filament coinciding 
with the boundary of the lamina. 

4. The boundaries of a liquid are two fixed concentric cylinders 
of radii a and c. Prove that if the motion of the liquid is irrotational 
and in two dimensions, the velocity potential must be equal to 
k^/Stt, where ic is the circulation roimd any closed circuit which 
embraces the inner cylinder once only; and that the kinetic 
energy is equal to k' {^tt)"* log ajc. 

6. Apply the equations of impulsive motion, to show that if 
liquid be contained within a closed surface, the circulation and the 
molecular rotation cannot be altered by any impulse applied to 
the boundary. 

6. A mass of ice is contained within an ellipsoidal case which 
is rotating in any manner about its centre : prove that if the ice 
be melted and the boundary be deformed in such a manner that 
it remains ellipsoidal, the resultant molecular rotation at any 
point is proportional to the diameter of the ellipsoid which is 
parallel to the tangent to the vortex line at that point, 
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CHAPTER V. 

ON THE MOTION OF A LIQUID IN TWO DIMENSIONS. 

96. The solution of quostions relating to the motion of a 
liquid in two dimensions, can be most conveniently effected by 
means of Earnshaw's current function ■^, This function when the 
motion is irrotational, which will he the eaee in most of the 
problems discussed in the present chapter, satisfies the equation 

^-f- a,, 

the solution of which is 

+ =/(«+.y) + f(«-.j,) (2). 

Also ^.^,„,-p: (3). 

ay dx ^ ' 

If the liquid is bounded by fixed surfaces, the normal component 
of the velocity must vanish at the boundaries. This condition 
requires that i^ = const, at all points of boundaries which are fixed. 

97. When the cylindrical boundary is in motion, the following 
conditions must be satisfied at its surface. 

(i) Let the cylinder be moving with velocity U parallel to the 
aitia of X, and let 6 be the angle which the normal to the cylinder 
makes with this axis ; then at the surface 

ucosS + Msin 6 = Uco&ff. 

Now COS 6 = dylds ; sin ^ = - dxjds ; therefore by (3) 

da da ' 




i 



^H (ii) If the cylinder be moving with velocity K parallel to the 

^^b axis of y, the surface conditioii in the same manner can be shewn 

^ft tobe 

^B ^^-Vx^B (5). 

H the 
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totegrating along the boundaiy, we obtain 

■^=Uy + A (4), 

where j4 is a constant. 



(iii) Let the cylinder be rotating with angular velocity c 
then at the surface 



u cos ^ + V sin 6 = - wi/ cos fl + oa: sin 8 

d\!r dr 

or :r- = - "'■ J- ■ 

as as 

Therefore yjr = - losr^ + C (6), 

where r = s/ic' + y'. 

When there are any number of moving cylinders in the liquid, 
conditions (4), (5) and (6) must be satisfied at the surfaces of each 
of the moving cylinders. 

In addition to the surface conditions, i^ must satisfy the 
following conditions at every point of space occupied by the 
liquid ; viz. i/r must be a function which is a solution of Laplace's 
Equation (1), and which together with its first derivatives must be 
finite and continuous at every point of the liquid. If the liquid 
extends to infinity and is at rest there, the first derivatives must 
vanish at infinity. 



Conjugate Functions. 

08. Def. If f and ti are functions of a> and y such tJiat 

^ + iV=fQ>: + ^y) {7} 

then f and t} are called conjugate functions of a: and y. 

Differentiate (7) with respect to x and y respectively, eliminate 
the function f, and equate the real and imaginary parts in the 
resulting equation, and we shall obtain 

d^ _d-r} d^ _ dr) 
dx dy' dy dx 



■■(»)■ 
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Now, if and ^^ be tbe velocity potential aud current function 
of a liquid, it follows that if <f> aud -^ are written for f and tj 
respectively, equations (8) are satisfied ; hence <^ and -^ are 
conjugate functions of x and y. 

99. Again 

da dx dy' dy ^ 

(2)"-(|)"-©"-©'=^ (-). 

V'f = 0, V',? = (11), 

where V = d^jdx* + d^jdy*. 

Equation (9) shows that the curves f = const., tj = const, form 
an orthogonal system. Equations (2), (7) and (11) show that 

2.,-/{«+.y)-i?(.-.y)f l'^'' 

whence ^— iri =F(x — ly). 

Henco if i^ (x, y,c) = be the equation of any family of 
curves which can be expressed in the form 

the equation of the orthogonal system of curves will be 

where i) is constant along eaeh curve of the orthogonal system. 
Again we have 

Therefore if ds be the distance between two adjacent points, 

J'ds' = d^" + dt}'. 
Hence if ds(, ds„ be small arcs of the curves f aud jj respec- 
tively 

Jdsi = 



k 

^1 ^ arc 



Jd8, = d^j ^^^^■ 

100. If (j) and i^ are conjugate functions of f and *}, then and 
^ are conjugate functions of x and y. 



CONJUGATE FUNCTIONS. 



H For + (^ = F(f+(^) 

H and f + 17} =f [x + ty), 

^M therefore ^ + ii^ = X (a; + ly). 



. (U). 



101. Let p and q be the velocities perpendicular to f and rf 
in the directions in which these quantities increase, then 
dd -r dd> - dJr 
'^ OS, ttf aij 

q~^=jf.-J^ 

^ da^ a/r} df 

If we consider a small curvilinear rectangle bounded by the 
curves f , i? ; f + 8|^, tj + St;, the difference between the flnxea over 
the faces f + 5| and ij + Sij, and those over the faces f and if is 

but if we choose the two tangents to the curves f and >j at their 
point of intersection as the axes of x and y, the difference between 
these fluxes will be 

Vf^dxdy. 

VV-J-^ + g.) (15). 

In the case of an irrotationally moving liquid, both aides of 
this equation must be zero ; hence Laplace's equation when trans- 
formed into any variables f, ij which are conjugate functions of 
X and y, becomes 

f-i- <-)• 

If we assume as the value of ^ any solution of (1) or (16) 
and substitute this value in any of the three equations (4), (5) 
or (6), we shall obtain a system of curves, any one of which would, 
by its motion in the prescribed manner, produce lines of flow 
determined by the equation i/r = const. 



102. We shall now give some examples 



L 



..(17). 
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When r = a, ■\^= — Vx; also the velocity is finite and con- 
tinuous at all points outside the cylinder r = a, and vanishes at 
infinity; hence yjr is the current function when a circular cylinder 
of radius a is moving in an infinite liquid with velocity V parallel 
toy. 

The velocity potential is 

1 \ 



''t+.r 



..(18). 



The paths of individual particles of liquid due to the motion 
of a cylinder along a straight line, have been calculated and traced 
by Clerk-Maxwell'. 

(ii) If the liquid instead of extending to infinity is bounded 
by a fixed concentric cylinder of radius c, the initial motion of the 
liquid can be obtained as follows. 

Since {x + it/)" is a solution of Laplace's equation, it follows 
that r" (A cos nd + B sin nd) is also a solution, where n is any 
quantity positive, negative, real or complex. 

Hence if the inner cylinder be moved along the axis of x with 
initial velocity U, we may put 



=(--?) 



cos 6. 



When r = a, d^/dr = U cos d, whence 

a 
When r = c, d^/dr = 0, whence 



Ua'' ( c\ 

- r— -1 »■ + - CI 

c —a \ rj 



^ 



This is the expreaaion tor the initial value of the velocity 

potential. The motion at any subsequent time after the cylinders 
have ceased to be concentric will be determined in § 122. 



' On Cho DiapUcemeiit in a case of Fluid Motion," Proc, Land. Malh, Soc. 
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(Hi) Let ir = )iA[ix+,yy + ia!-iy)'\ 

= ^ {aj* - Zxrf) = Ar^ cob 39. 
Substituting in (6) the equation of the boundary becomes, 
A{^-3^ + i«(,^ + f)^C (19). 

If we choose the constants so that the straight line ;r = a, may 
form part of the boundary, we find 

Hence (19) splits up into the factors 

(x~a); a; + yVS + 2a; x- y^/S 4- 2a. 

The boundary therefore consists of three straight lines forming 
an equilateral triangle, whose centre is the origin. 

Hence ^ is the current function due to liquid contained in an 
equilateral prism, which is rotating with angular velocity ta about 
an axis through the centre of inertia of its cross section. The values 
of yjr and 0, when cleared of iraaginaries, are 

yp'=^T' cos 36, 4> = ^r'sin 3^. 
"^ 6a ^ Qa 

(iv) Let ir = ^A{(x + tyy + ix-iyy] 

= A{a?-y'). 

Substituting in (6) we find 

A{^-y-)+i«{^ + i/-)-.0 (20). 

P«'tag -^0 -•■■ -10' -W 

the equation of the boundary becomes 

^, + ^, = 1 (21), 

and '^^~l«^"<^*-2'') (^2), 

■^ is therefore the current function due to the motion of liquid 
contained in an elliptic cylinder, which is rotating about its axis. 

The preceding value of -^ is also the current function, when 
the liquid is bounded by two concentric, similar and similarly 
situated elliptic cylinders. 



f 

I 

I 



96 

103. To find the current function when liquid is contained in a 
rectangular prism which is rotating with angular velocity a about 
its ems'. 

If 2a, 2c be the eidos of the cross section of the prism, the 
boundary oonditiona are 

-_^ = 
dx 

vY = 0. 

dji 
dy 
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when 
when 



n 



Also 
Let 



then 



dx 



= 0, 



aad 
Let 

where d 
of (23) tt 



= 0.. 



..(23V 
..(2i). 



X = S (5 COS Xjc + f sin Xx), 
m\ f are functions of y alone. Substituting in the first 
obtain, 

^ fdd , ^ rff . 



nXra 



:) = 0, 



f-0, 
X-(2» + l)^ 

V =25 C03 ( 



Substituting this valut 




i»+i) 



B of ;^ in (24), we obtain 

Now ( cos (2n + 1) |* dx = ,„",,." . 

J -0 2a (2n + l)7r 

and r cos (2ni + 1) |^ cos (2n + 1) |^ d.c = o 



..(25). 



-0 ...(2fi). 



according as m is unequal or equal to n. 



e oasea ot Fluid Motion," Tram. Catab. Phil. Soc. »ol. vin. 
p. 105. Ferrars, •' Solution o( certain qneations in Potentiala and Motion ot 
Liquids," Quart. Jimm. vol. Kv. p. 83, For tlio expreasionB for the component 
velodtiea of tbe liquid in temiE of elliptic (unctions, see Uieeobill, Quart. Jovn. 
vol. IV. p. 144. 
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Multiplying (26) by cos (2n -f 1) 7ra?/2a, and integrating between 
the limits a and — a, we obtain 

d^d^,, (2n + l)V ( - )''8a, . 

df 4a» «"*' (2TO+l)7r~ ' 

therefore 

If we substitute this value of 0^^_^^ in (25), and then substitute 
the resulting value of x ^^ the second of (23), we obtain 

^..-^1 = 0, 

( - )*»32a«o> 



^._. = 



■»«+^ (271 + 1) V cosh (271+1) 7rc/2a ' 
whence 

^ 32a*Q) ^« ( - Y cos (271 + 1) irxj^a . cosh (27i + 1) 7ry/2a 
^ tt' ^ (2n+l)" cosh (2/1 + l)7rc/2a 

32a'6> X ( - )** cos (271+1) 7ra?/2a 
7r» ^* (271 + 1)* 

Now if z lies between Jtt and — Jtt, 



1 „ 1 ^ tt' irz^ 

g3 cos Sir + ^ cos 5ir - =32"" "8"' 



hence the second series is equal to © (a* — a?'), and the value of 1^ 
is therefore 

-^^r = — ©a' — Jo> (aj* — y*) 

32a»i 



+ 



<» ^ (-Y cos (271 + 1) 7ra?/2a cosh (272 + 1) 7ry/2a 
7r'~ ^ (2n + l)'cosh (27i + 1) 7rc/2a ' 

A more sjnnmetrical expression may be obtained from the 
consideration that yfr must be unaltered when a and 00 are written 
for c and y; making these changes and adding the results we 
obtain, 

^ = - Jo> (a" + c*) 

16a'© ^«> (-)** cos (2n + 1) irx/2a cosh (27i + 1) 7ry/2a 
~^^ *^ (271 + 1)* cosh (2n + 1) 7rc/2a 

16c'© ^«> ( -)** cos (271 + 1) 7r.y/2c cosh (2yi + 1) Trx/2c 
TT* ° (271 + 1)» cosh (271 + 1) 7ra/2c 

B. 7 
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104. To find the velocity potential when liquid is contained in 
a cylinder whose cross section is the sector of a circle, which is 
rotating about an axis through the centre of the circle'. 

Let a be the angle of the sector, a the radius of the cylinder, 
oei its angular velocity, then 

^ ld0 1 #_„ 
dr''^rdr'^r'de 



-(27), 



and the surface conditions are 
ld4>_ 



when e = Oora (28), 



dr 



= 0, when r = a (29), 



L 



also <p must not become infinite when r = 0. 

Let <f>^IicosX{e+0}, 

where ii is a function of r alone. Substituting in (27) we obtain 
d^R 1 dR RX' ^ 
dr r dr "r 
the solution of which is 

R^Ar>' + Br-\ 
Hence since \ has not at present been determined, the value of 
^ may be written 

^ = Ay cos 2 (^ + j9„) + S {Ar^ + Br -*) cos X (5 + ^). 
Substituting in (28) we obtain 

2^y sin 2 (^ + /3„) + 2 X {At^ + Br-"-) sin \ (^ + ^) = - m-\ 
This equation is satisfied, provided 

2^, sin (25 + 2y9„) = -&),■) , ^ 

" ^ " )■ when 5 = a or 0, 

SX(Ar* + £r-*)sinX((9 4-^) = 0j 

which requires that 

Wo = i"- - a, 2J, COS a = - w, 

^ = 0, X = (2n+l)7r/7. 

' stokes, "On the oritioai values of the BttmB of periodic series," Tram. Camb. 
Phil. Soc.. vol. Till. p. G33. Qreenhilli "Fluid motion in a. rotatinK Eemi-circular 
cylindei," Mtta. Hath. vol. Tin. p. 12; "Fluid motion in a rotating quadrantal 
cylinder," Ibid. p. 89; "Fluid motion in a rotating rectangle formed b; two 
concentrio circular arcs and two radii," Ibid. vol. n. p. 36 ; "On the motion of a 
frictionlesa liquid in a rotating sector." Ibid. vol. i. p. 83, 
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-sin (2^ -a) 

+ sr[^,r(««+iW" + 5„j-«»+ii"/"|co3 (2n + 1) TT^/x 

Since <f> must not be infinite when r=0, B^ = 0; substituting 
in (29), we find that for all values of between a and 0, 

wa aec a sin (2fl - o) + - 27^„ (2n + 1) al=''+i>""' cos (2« +1) TT^/i = 0, 

whence by Fourier's theorem 



therefore A„- 



4a* - (2ji + 1)' 
Saia'a 



^{2n+l)[{2n + lf-,r'-ix'\ 

and = A— - r'siii(2^-a) 
^ 2 cos a ^ ^ 



7r(2n + l)"l(2» + l)"7r^-4a'}' 

105. The interpretation of this expression presents no difficulty 
so long as a < TT, but when a > tt the velocity becomes infinite at 
the origin. The following explanation of the motion which takes 
place when this is tlie case, is given by Prof. Stokes : 

"Let OAB be a section of the sector made by a plane 
perpendicular to the axis, and cutting it 
in 0. Suppose the cylinder turning round 
in the direction indicated by the arrow. 
Then the liquid in contact with OA and 
near 0, will be flowing relatively to OA, 
towards 0, as indicated by the arrow at 0. 
When it gets to 0, it will shoot past the 
face OB; so that there will be formed a 
surface of discontinuity indicated by the dotted line, extending 
some way into the liquid, the liquid underneath this line and near 
flowing in the direction A 0, while the liquid above is nearly 
at rest" 

7—2 
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^M vail 



Whenever a liquid is flowing past a sharp edge, the analytical 
expression for the velocity, calculated on the assumption that the 
liquid is perfect and flows according to the electrical law of flow, 
always becomes iafinite at the edge; a result analogous to that 
which occurs in the theory of the distribution of electricity on 
conductors, where it is found that the analytical expression for the 
density upon a conductor having a sharp edge becomes infinite at 
the edge. 

The mathematical investigation of the discontinuous motion 
which takes place in such cases is one of great difficulty, but 
certain special cases will be considered in the nest Chapter. 

106. The problem of finding the velocity potential and current 
function, when a cylinder whose cross section is a given curve, is 
moving in an infinite liquid, has been solved in comparatively 
few cases. The theory of conjugate functions affords a powerful 
method of attacking such problems, but the principal difficulty 
consists in finding a relation between the complexes f + ti; and 
X + ly, such that the given boundary shall be represented by some 
particular value of one of the functions ^ or i;. 

The principal solutions of this problem, which have hitherto 
been obtained, will be given in the following articles. 

107. Let a^ + iy = ccos(^-ii;) (30), 

then a; = c cos f cosh ij, 

j/ = csin f sinh jj, 
and the curves tj = const., f = const, are a family of confocal ellipses 
and hyperbolas. 

If a and b be the semi-axes of the cross section of the ellipse 
1) = ^, then 

a = c cosh /3, 
b = c sink ff, 
a'-b'' = c'. 

Also /■= -,-^^r-i^ iT.-, (31). 

c' (cosh 271 - cos 2f) ^ ' 

Here ij may have any positive value, and f may have auy real 
value whatever; when ij = 0, the ellipse becomes a double line 
joining the foci ; and when jj = ao the curves become circles ; also 
/ vanishes at infinity. 
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ELLIPTIC CYLINDER. 
Now yjr satisfies the equation 



^ d> 



(32). 



and this equation is satisfied by the e 

Ar} + 'Z'^e-'">{A^coan^ + B^smn^) (33), 

which is the proper form of a potential function outside an elliptic 
cylinder, since by (14) and (31), it makes the velocity vanish at 
infinity. 

To find the form of yjr inside the cyUnder, we observe that (32) 
is also satisfied by the series 

£, (A^ cosh m/ cos nf + 5, siuh mi sin n^ + G^ sinh wij cos n^ 

+ D„ cosh nt) sin jif ) (34). 

Now if we examine the components of the velocity in the 
neighbourhood of the line joining the foci, it will be found that 
they will be discontinuous, unless d-^/dr/ and d-^jd^ either vanish 
or change sign in passing from one side of this line to the other; 
the last two terms of (34) are therefore inadmissible. Hence every 
potential function, which together with its first derivatives is finite 
and continuous inside an elliptic cylinder, must be of the form 

2, {A^ cosh nij cos n^ + B^ sinh jmj sin nf ) (35). 

This value also makes the component velocities finite at the 
foci; for in the neighbourhood of these points /c = (6v' + Sf)~ , 
and from (35) both d-^jd^ and d-^jdtj are infinitesimala of the first 
order. 

Hence, by (4) and (6) if ^„ ■^^ be the current functions when 
the cylinder i; =,9 is moving parallel to x and y with velocities 
fJand F respectively, 

i/r^ = J7ce-i+^ sinh ^ sin J ] , 

^^ =_Fce-''+^ cosh ;S cos ff 

Again, r^ = x' + y'' = ^g' (cosh Sti + cosh 2f). 

Hence, if ■^/^, be the current function when the cylinder is 
surrounded with liquid and ia rotating with angular velocity w, we 
must put 

i^, = .d.e-^i''-^'cos2^. 
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1 


Substituting in (6) aod putting jj =^, we obtain V 
Aco8^+ ic'M(cosh 2& + cos 2|) = C. 1 


■ 


Hence (?=ic% cosh 2ft 1 


1 


^=-icV 1 




and ^, = -icW-S''^2^cos2f (37). ' 




Tbe value of the velocity potential may be deduced from the 
preceding values of i^ or from the corresponding expressions for an 
ellipsoid, which will be given in Chapter vii. and which were firet 
obtained by Green' and Clebsch". The expressions in the text are 
due to Prof. Lamb'. 




The motion of a liquid in a rotating cylinder, whose cross 
section is formed (i) by the arcs of confocal ellipses and hyperbolas, 
(ii) by arcs of confocal parabolas, has been investigated by Dr 
Ferrers*. 




108. We shall now solve the same problem for a cylinder 
whose cross section is the inverse of an ellipse with respect to its 
centre'. 




Let x + ii/ = c&ec(P-i- irt) (38), 




then ^' = c'f-i- + -i-l, 
Vcosh' jf smh' i\l ' 




Veos* f sin" f / ' 




whence the curves f = a, ?) = /S are the inverses of a family of 
confocal hyperbolas and ellipses with respect to their common 
centre. 




Also ^ = cosh ij cos ^, 






^| = .,„h,siaf, 

-f =cosh 2i3 + cos2f, 


(39). 




(cosh 2ij + cos 2f)= 
2c" (cosh 2)7- cos 2|^) 






' Tram. Eoy. Soc. Edin. vol. ilii. p. 54, 1 
' CreUe, yol. Ln. p. 119. 1 
" " Some hjdrodjDftmtoal aolnlions," Qunrt. Joiim. sit. p. 40. 1 
• Quart. Jourii. nn. p. 227. J 
' Ihid. vol. IK. p. lao, and vol. xir. p. 336. J 
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Here j) may have any positive value, and f any value positive or 
negative, but as the values of x and y are periodic with respect to f, 
it is only necessary to consider values of ^ lying between and 27r. 

When T} is large the curves 97 = const, consist of small oval 
curves about the origin, with which they ultimately coincide when 
if = cc; and when ?; = they become two double lines extending 
from the points a; = + c to infinity in the positive and negative 
directions respectively. 

Also when jj is large 

Hence, within the cylinder, every potential function must be of 
the form 

^'e-"-! (A^cosn^ + B^sinn^) (40). 

Outside the cylinder, every potential function must he of the 
form 

2, (A^ cosh jiTj cos nf + B^ sinh mj sin nf ) (*!)> 

for the velocities will be discontinuous along the two double 
lines, unless d-^fd^ and d^lr/dT] either vanish or change sign in 
crossing from one side of these lines to the other, and (41) is the 
only form which satisfies these conditions. This form also makes 
the velocity at the points x= + c finite. 

Now 3 



csec 


f+"!) 






2ce 


v+'i 






1 + . 


"+« 






2o(.- 


^+^_ 


-WM + e 


-e-l^" 


+i)''cos 


(2n 


+ l)f, 


»g-re» 


+11 'sin 


(2» 


+ l)f- 



-&c.); 
therefore x=2cz^ {—)" t 

Hence, if ^|r^, i^, be the current functions when the cylinder is 
moving with velocities U and V parallel to a> and y respectively, 

ylr= "Uc^'' I Y ^-'^"^^'^«i"b(2>i+ l)^ si n(2;^+ l)g , 

T * "" ^ ' sinh {2n + Ij id ^ ^' 

where y3 is the value of tj at the boundary. 
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109, The two aeries (42) and (43) constitute the complete 
solutiou of the problem when the motion of the cylinder ia one of 
translation. The results can however be put into a more compact 
form by means of elliptic functions. To do this, let 

f + (ij = u, f - 1)7 = u ; Kjir = KjW, so that q = e"*^ ; then 

f , = 2 TJcL t, ^L f 0^ (2« + 1) " - <^03 (2« + 1) «| 

1 „,_^ f /2Z« „\ /2Kv ,-\] 
= - (/ACi ^cosecam I ^ ^j — cosecam I 1"-" jr 

— J Uct (sec u — sec v) ; 
therefore 

1^, = - P^ct ] cosecam [ — - + -K" ) 



/2Kv „ 
- coaecam — ■ — y A 



))+% 



Putting 2K^/w+K=e, 2^jj/t = '^. dn'e = a, av} (^,k')=0, 
and clearing of imaginaries, the term in brackets becomes 

2t (1 - ag) k' sn .fi en en g dn g 



(1 - a) (1 - t'-yS) + a^ (1 - 0) (a - /c") ' 

the functions of ^ being to modulus k'. 

The denominator of S 

= (l-«^){l+a^-a-i-"^,, 

^T_ J. t, 2(4' sn (A en d> en 5 dn 5 

thereiore js = , . , — ^-t-= — „ , -■ 

dn (/> — dn (^ en i^ 

_ 2tfc'' an ^ en ^ sn y 
1 — sn' ^ dn' ' 

where x = 2^f/7r. 

Hence we finally obtain 

Y. _^uj^>. c. J _ ^^. (2iire/7r) dn'(ff>/y9) + ^y-t**>' 

the functions of f being to modulus k, and those of i; to modulus i'. 

Similarly 

, 1 „i^,- f 2A'w SATu] ^ 
■^g^ ~ Vhk c i secam - + secara \ - Vx. 
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Putting 2K^lTr = x, 2Krf/7r = <^, dn* ^ = «, sn" (<^, A?') = /8, and 
clearing of imaginaries, the term in brackets becomes 

a^ 2A:^(l~g/8)cngcn<^ 

(a- A") (1 -/3) + a/8(l-a) (l-k'^jS)' 

The denominator 

therefore fif = ■= ^ , ^ . . 

1 — sn^ dn 9 

Hence we finally obtain 

^v^- FZA'c . ^ _ gj^«(2Zf /tt) dn«(^ Vi8) " ^"^ •••^*^^' 

110. When the cylinder is rotating about its axis with angular 
velocity o), the surface condition is 

sinh 2/8 e^ + cos 2| 



Now 1 + 



cosh 2/3 + cos 2| cosh 2/8 + cos 2f 

1 1 

+ 



therefore 



= 2 + 2Sr ( - )* 6-^**^ cos 2nl 



K = ""' 



" An^-2n^ 



cosh 2/8 4- COS 2| 
= c' cosech 2/8 + 2c' cosech 2/8 2, ( - )* e*""***^ cos 2n^. 

Therefore 
-^g = — G)C* cosech 2/8 

111. If liquid is contained in a cylindrical cavity bounded by 
the curve ^ = /8, 

yjr = -Q)d' cosech 2/3 - 2g)c' cosech 2/3 S" ( - )" e"^'*'' cos 2n| 

= — o)c' cosech 2/3 — cdc" cosech 2/8 f — r-^-o — ^ — ^rs. — 1 1 

Vcosh 2/8 + cos 2f / 

_ ^ c*G) cosech 2/8 sinh 217 ^ 

cosh 2?; 4- cos 25 



r 
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112. The results of § 109 admit of various interpretations, by 
means of which we can obtain the solutions of several problems in 
other branches of physics. Thus the function yjr^ is 

(i) The potential without the cylinder, of the induced 
charge, when the cylinder is placed in a tield of uniform electric 
force parallel to a;. 

If we invert with respect to the origin, which is equivalent to 
putting c'ic/j-' for x, and x + nj = cco8(^ - ii}), ■^^ is 

(ii) The potential of the induced charge within an elliptic 
cylinder which encloses an electric system whose potential is 
Vc'x/r'. 

(iii) i/'j, is the temperature within a solid elliptic cylinder 
whose boundary ia maintained at a temperature — Vc'x/r'. 

113. The equation 

a) + ty = 2c sec' J (f + irf) 
represents a family of confocal lima^ons. The curves tj = const, are 
the inverses with respect to a focus of a family of confocal ellipses, 
whilst the curves f = const, are the inverses with respect to the 
»ame focus of the orthogonal family of confocal hyperbolas. The 
current fimctions due to the motion in an infinite liquid of a 
cylinder whose cross section is the curve ^ —ff, and also of liquid 
contained in a rotating cylindrical cavity of this form, may be 
obtained in a similar manner to that employed in §§ 109 — 111 (see 
Quarterly Journal, Vol xx. p, 23i). 

114. Let us now consider the system of curves given by the 
equation 

f , It {ie + tyf- c' 

l+") = iIog y^ — -■ 

This is equivalent to the system 

(«' -y"- c^f + isi'y* = c'e*^ (48), 

x^-y'-c' = 2xy cot 27] (49). 

(48) is the equation of a family of confocal lemniscates, tlie 
distance between whose foci is 2c; and (49) is the equation of 
a family of rectangular hyperbolas, each of which passes through 
the foci of the lemniscates and cuts them orthogonally. 
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It is easily seen that 

2a? = c {1 + e2(f+''»)}* + c {1 + eacf-'^j)}*, 
2Ay = c {1 + e^Cf+'^i)}* - c {1 + €2(^-''»)}*, 
r» = c' (1 + 262^ cos 27/ + €^*, 



/ = 






= ^ (1 + 2€-2* COS 27/ + e-4f)i 

f and 17 may have any values whatever. At infinity, f = 00 , 
/ = ; at either of the foci f = — x and J = e~^/c ^ 00 . When 
f = the curve becomes the lemniscate of Bernoulli (r* = 2c' cos 20) ; 
17 and ^TT 4- 17 are the angles which the asymptotes of the hyperbola 
make with the axis of x, and in the first quadrant 17 varies from 
to Itt. 

Hence, for motion parallel to x, 

^x = - Wot' [{1 + e-2(f-2a-c,)|J _ {1 ^ e-2(f-2a+t,)p],.^(50), 

and for motion parallel to y 

where a is the value of f at the surface. 

115. Before dealing with the rotation of the cylinders, we 
shall make a short digression for the purpose of considering the 

coefficients of cos nO in the expansion of (1 + 2c cos + c*) , which 
we shall denote by X^, where c < 1. 

Now 

(1 + 2c cos + c")* = (1 + C€»0* (1 + ce-«)* 

= (1 + i C€^ + 8,c'^'+ ... ig„C*€-«^+ ...) 

X (1 + i C€-<« + ig/e-2«^ + . . . /S^c*e-«*« +...), 

where S = H^l .3. 5 ... (2n-. 3) . 

»» 2\n! 

therefore X, = 2c" {fif, -f J fif,^, c' + 8,^, S,c* + 8^^, ^ + . . .}. 

The value of L^, however, may be put into a more convenient 
form for calculation, for 

fL^^j = f" (1 + 2c cos + c')* cos (n + 1) 0d0 

'' 



*" cos n^ - cos (n + 2)0 
2 (^ + 1)^ (1 + 2c cos 0~^~J)^ 



,1 



dd. 
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Also 




i"(i. 


J- J r'(l + 2coos«+c-)(eo8»9-cos(»+2)e|jj, 
"*' J. (l+2ccos« + e")* 


7r(l+o-)(«+l)^ 1 f-co8(n-l)9-c08(» + 3)«^j 
" ■*' '• (l + 2ocos« + c')' 


"(1 +«■)(" + !) r .-i~r ,,. ,«r ,. 


therefore 




(2» + 5) i„, + (2» - l)i. + ^-^ii^^^ii* i.., = 0... (52). 


Also 


iTri, = r (1 + 2c cos e + c')-' lJ9 




= (1 +o)iS ft W, where t-^'j.. 


Now 


£« = r(i'+.J). 


Also 


J? (*).{! + 0)^(0); 


therefore 


iF{k) ( dJ-WHi + ojVo 

dt ^^(0) 1 (1 1 ») ^j, j j_„ 




= {^<»)-(l-")^w}(l-)Ve^ 


therefore 


•EW = ^i^-(i-«)^Wi 


therefore 


i.= ?|2£-(l-c')Jf| (.j.')). 


Again 




i^A- 


J"(l+2ccose + c")'co»M9 J 


= 


J. (1 + 20CO8 9 + C')* 1 


= 


J. (l + 2i;eose + c')' 


therefore 


JTri, = oF+ '-ii' (JTri. - (1 + o'>F| ; 


therefore 


^'■ = 3i;'<'+°''^-<'-°'"^ <•'*'■ i 


' 


^ 
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Having obtained the values of L^ and Xj, the values of the 
successive functions can be calculated by means of the sequence 
equation (52). 

116. To find the current function due to the rotation of the 
cylinder in an infinite liquid. 

(i) Let f be positive at the surface of the cylinder and equal 
to a, then 

r* = c^e^ (1 + 26-2* cos 217 + e'^f 

= c"e^ 2o L^ (a) cos 2nr), 
where L^ (a) is put for L^ (e"^*). 

Hence '^g ~ "" h^o^^^ 2X^ (a) e^^"^^"*^ cos 2n7f (55). 

(ii) When f is negative at the surface, the cylinder consists 
of two portions, which we must suppose to be rigidly connected 
together ; in this case let | = — a at the surface, where a is 
positive; then 

,^^ = -^ft,c'2i^i„(a)€-2n(f+a)cos2ni7 (56). 

In the case of a cylindrical cavity filled with liquid, the values 
of yjr are 

- i^coc'e^ty^^'''^^ L^ (a) cos ^rvq - We'* L, (a) (57), 

and - iG>c» 1^ e^<*+^>x„ (a) cos 2nv - i<oc'L, (x) (58). 

117. When a = 0, and the cross section becomes a lemniscate 
of Bernoulli, the preceding formulae become much simplified. 
Putting u = X + ly, V = X — ly, we obtain 



1 rr f ^ ^1 f^r^^ 



118. The values of ylr when the cylinder is rotating about its 
axis may be obtained in this case without having recourse to the 
general formulae of § 116, for the value of r* at the boundary is 

2c* cos 17, whence '^j ~ "" ®^' ^"^ ^^^ V- This may be expressed in 
the form 



V^8 = - i®c» j-7=== 4- - 



ij^i^^^' J^F^') 



(61). 



no 
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119. To find 1^ when the liquid is contained in a cylindrical 
cavity formed by one of the loops of the curve, we observe that i^ 
cannot ctmtain any lower power of e than e (^ being of course 
negative), otherwise the velocities would he infinite at the foci, 
where J = e'^jc. Now 

r" = 2c' cos 7j ; 

:iIso for all values of ij between ^tt and — \tt both exclusive, 
C09t; = 
Therefore 



2)1+1 






.-(zT 



|2n+l}l 



cos(2ji+ 1|j;| 



hi 



sinh ^j 



120. Lastly, let us consider the equation 

a!+iy = ctan J Cf +ii;_j 

Then tan f = tan Hf + ") + f - "?) 

^' + 2/°+ 2c^ cot ^ — c' = 0.., 
[ tanh Tj = tan i (|^ + "j — f + ti?) 
2cty 



..(63). 



Therefore 
Also 



y^ — 2cy coth 17 + c' = 

^ sin Hf + '■V) cos Hf - "?) 

cos 4 (f + ITj) cos i (l^ - It)) 

sin f + t sinh tj 



..(65). 





" cosh 7} -\- COB f , 

(/=- (cosh 1J+ COS f). 



(66), 




DIPOLAR COORDINATES. 



Ill 



121. Equation (64) represents a family of circles whose cen- 
tres He on the fucia of x, at a distance — c cot ^ from the origin 0, 
and whose radii are equal to c cosec %. Eacli circle passes through 
two fixed points A and B on the axis of y, whose distances from 
are c and — c. 




The angle f is half the angle subtended by AB at the centre 
of the circle. Hence the curve f = represents the portion AB of 
the axis of y. When | has any positive value between and ir the 
curve consists of that segment of a circle passing through A and B 
which lies on the positive side of the axis of y\ and when ^=it 
the curve becomes the whole of the axis y except the portion AB. 

When f has any negative value between and = tt the curves 
consist of segments of circles described on AB, and which lie on the 
negative side of the axis of y. 

Equation (65) represents two families of circles whose centres 
lie on the axis of y, at distances ± c coth -q from 0, and whose radii 
are equal to c cosech j?. These circles do not cut the axis of x. 

When -q— -j:^ the curve reduces to the point A ; when ij has 
any positive value the curve represents a circle surrounding this 
point ; and when i? = the curve becomes the axis of x. When 
jj has any negative value the curve represents a circle aiirrounding 
the point B, with which it ultimately coincides, when 17 = - oc . 
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Let P be any point oa one of the circles A, then 

= 2cy (coth t) — \\ 
BP = icy (coth 97 + 1) ; 
AP/BP = €-'>. 

Whence every circle of the system t] is such that the ratio 
APjBP is constant along each circle ; therefore A and B are the 
common inverse points of each circle of this system. In con- 
sequence of this property the coordinates f and 17 are called di- 
polar coordinates. 

122. We can now find the current function when two circular 
cylinders are moving in any manner in an infinite liquid'. 

Let I) = a, tj = --Q be the equations of the two cylinders sur- 
rounding the points A and B respectively; and let x^, y, ; a;,, — y^ 
be coordinates of any point on the cylinders A and B respectively, 
then 



therefore 
Again, 



= Ct {1 -I- 22, ( - )" e-"° (cos )if + L sin nf)} ; 
ic,=-2cS,°°(-}''6-"-sinn|) 
y, = C + 2c 2" ( - )" e-*"" cos 7i|) 

.y, = ctan4(f-*^) 
fi 1 - e-^-P 



..(67). 



1 + 2S. (- 



)'*e-«(c 



■snf-tsinjif)^ 



..(68). 



therefore a^, = -2c2, {-^ e-''^ smn^\ 

y, = c-F2c2, ( — )''e"'^co3/i|) 
Let u, V be the component velocities parallel to x and y of 
the cylinder A, and m', u' those of fi ; then 
i/r = wyj — vx^ + const, at A 
yfr = — u'y^ — v'x^ 4- const, at B J 





TWO CIHCULAR CYLINDERS. 

Hence 

. o v*/ \» „. sinh ?i (i? + y3) ^ -J., 

^ I \ ' ainh Ji(a + p) 

- 2c S" { - )" -"« sinh«(a-^) ^^ 

If the cyliader a were moving inside the cylinder 0, we should 
obtain in the same manner 

t=2osr(-)-.- ^i°;;<;:g (..cos„f+»«m»f) 
+2c ;.•(-)• «-' '|°];|'rffl ("'°°^»f+''"°"B ■■■(">■ 

123. We shall hereafter require an expression for the kinetic 
energy T of an infinite liquid in which two cylinders are moving. 
By Green's theorem, 

Now 

t/t, = 2cS, {~)'*e~'^'(ucosn^ + vsmnf), 

( J^) = 2ct~ ( - )» ne-'-coth n (a +^) (mcos n^ + rsin nf) 

+ 2c Sj ( — )" Jie~"^cosech n(a + ^) (w'cos «f ~ti' sinjif). 

Hence the first integral 

= im* (u' + v") Sf ne-'"- coth ji (a + ^) 

+ 4Trc' (mw' — wi/) 2, T!.e~"'*''''^cosech n(_i+ 0). 

Similarly the second integral is equal to 

- 4irc" (u" + v") t'ne-^^ coth n (a + yS) 

— 4iirc' (mu' — w') S, ne""*"*^' cosech n{a + 0). 
Hence 

2r = P(M' + i^) + Q(«" + + 2£{'*"'~i"'") (72), 

where P = iTrpc" 2, we"*"" coth n (a + jS 

Q = i-n-pc" S^ne-^ coth n (a + ^) \ (73). 

L = itrpc' S, ?ie-»(''+31 cosech n (a 



r 
I 
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^^^ 


1 


124. Before we can make use of the foregoiog values of P, Q 
aod L, it will be necessary to express them in terms of the radii 
a and b of the two circles and their coordinates. To do this, let 




^, = e-", 0, 


= e-fl, 5 = e"'"^; then 




1 
J 


Now 


« + V+3?- + (i!,,.; 




i 


therefore, inverting the order of summation. 




1 




p irfi"! "■' + ^^'1" -\ 




i 
1 




^-*".„l(l-S,V + (l-9,'?-« 


Now 


« = c cosech a = 2c^,/(l - 6;) ; 






therefore 


P-wIl + »S"<-i^»-l 


{74). 




Similarly Q w6' [l + ^lT, \[-^/^] ■ 


(75.) 




Again 


■ 1 - 5" 








=%87rc' S S mf' 








TKS(i-^?-T 






o; 


=-€:'"-^^i^'"-'- 


(76). 





ondle 



Since the quantities S^, 0^ are functions of the respective 
distances of the circles a and fi from the axis of y, these values 
of P, Q and L are of the required form. The coordinate x does 
not enter into the expressions fur the coefficients. 

The kinetic energy of a liquid in which two cylinders are 
moving, was first obtained by Mr W. M. Hicks' : the investigation 
given in the text is due to Prof. Greenhill'. 

On the motion of two cjlindera in a, fluiJ," Quart. Joura, vol. ivi, pp. 113 

13. 

Functional Imageii in Carteaiana," Quart. Journ. vol. svin. pp. 3S6— 3G2. 
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EXAMPLES. 



1. An elliptic cylinder is filled with liquid which has molecular 
rotation f at every point, and whose particle8 move in planes 
perpendicular to the axis ; prove that the linea of flow are similar 
ellipses described in periodic time 

^{a' + b') 
ab^ ' 

2. A fixed cylinder whose cross section is any one of the 
lemniscates rr'— c', where c is any constant and 2m is the distance 
between the points from which r, r' are measured, is surrounded 
by an infinite mass of water in steady cyclic irrotational motion ; 
show that the stream lines are all lemniscates of the same system, 
and that the velocity along a stream line at any point varies as the 
distance from the centre. 

Prove also that the polar coordinates (referred to the centre) of 
a liquid particle in terms of the time ( are given by 
r' = a'cafit ± c'dn/*(, 
2fl = am/ii, k=a/c. 

3. The cross section of a cylinder is a sector formed by the 
circle r = a, and the linea $ = ±<i. Prove that if the cylinder be 
rotating with angular velocity m, 

4. The transverse section of a uniform prismatic vessel is of 
the form bounded by the two intersecting hyperbolas represented 
by the equations 

^2ix'-y')-\-^+f = a', .J2(f-x') + x^+y' = b\ 
If the vessel be filled with water and made to rotate with 
angular velocity at about its axis, prove that the initial component 
velocities at any point {x, y) of the water will be 



jspectively. 



a" + 6" 



a'+b' 



-6^y-\-s/2(_a'-b')y] 
[2x' - Gxy' + V2 (6' - a') x] 
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0. A cylinder whose cross section is the limaQon 
s- = cob' ^6 eech' J^ + sin" ^9 cosech' ^^, 

is in motion in an infinite liquid with velocities U, V parallel to 
the lines d ^ 0, 6 ^ ^w respectively ; prove that 

■^ = 81701,^ (—)""' Tie""^ cosech n^sinh W)/ sin «^ 
— SFcS, (—)""' 7ie~"^sech nBcoshnt] cosnf, 
where ^ and 17 are conjugate functions such that 
x + iy = 2c sec" ^ (? 4- it}). 

6. Prove that if the cyliuder in the last example be rotating 
in an infinite liquid with angular velocity a>, 

i|r=— 8q)c' cosech'^ [cosh ^+2cosh^S, (— )"e-'*sechi!;3coshnjjco8Tif 
+ 2 sinh ^S, n (— )" e""^ sech n^ cosh nt] cos n^], 
and that if a cylindrical cavity of this form be filled with liquid 
and made to rotate, 

_ 8(oc* jcosh/Sainh^ sinh j3 (1 + cosh ij cos l^)] 
■^ sinh' ff (cosh ij + cos f (cosh ti + cos 1^)" J 

„„// ^■-■^ '■■^'"'^ 

7. A circular cylinder is moving parallel to the axis of x; 
prove that if there is cyclic irrotational" motion about the cylinder 
the velocity potential is 

where k is the circulation round any closed circuit embracing the 
cylinder once. 

8. A hollow cylinder of radius a, closed at both ends, ia 
divided into two parts by a plane diaphragm through its axis, and 
filled with liquid. If the vessel be made to rotate about its axis 
with angular velocity 01, prove that the motion of the liquid 
relative to the vessel will be such that its velocity potential is 

■■"' rif-; + -I) cos 2« - 21 1-'"+ '«"°^«+''' 




■2ar cos0+a' 

0. — )■" \a rj J 

are polar coordinates of any point of the liquid 
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9. Prove that 

gives & possible motion in two dimensions. Find the form of the 
stream lines, and prove that the curves of equal velocity are 
lemniscates. 

10. In the irrotational motion of a liquid, prove that the 
motion derived from it by turning the direction of motion at each 
point in one direction through 90° without changing the velocity, 
will also be a possible irrotational motion, the conditions at the 
boundaries being altered so as to suit the new motion. 

Discuss the motion obtained in this way from the preceding 
example. 

11. Liquid is moving irrotationally in two dimensions, be- 
tween the space bounded by the two lines d = ±^-!r and the 
curve r°cos3^ = a°. The bounding curves being at rest, prove 
that the velocity potential is of the form 

^ = /sin3fl. 

12. The apace between the elliptic cylinder (x/aY + (y/b)* = 1, 
and a similarly situated and coaxial cylinder bounded by planes 
perpendicular to the axis is filled with liquid, and made to rotate 
with angular velocity w about a fixed axis. Prove that the 
velocity potential with reference to the principal axes of the 
cylinder ia w (o* — 6') a^/(a' + i'), and that the surfaces of equal 
pressure when the angular velocity ia constant, are the hyperbolic 
cylinders 

_J1 ?/_^c 

3a" + b' Sb'' + a" 

13. If <i> =/(iC, i/),yfr = F (x, y) are the velocity potential and 
current function of a liquid, and if we write 

and firom these expressions find and i/r ; prove that the new 
values of and -^ will be the velocity potential and current 
function of some other motion of a liquid. 

Hence prove that if (j) — x' — i/', ■^ = 2a>y, the transformation 
gives the motion of a liquid in the space bounded by two confocal 
and coaxial parabolic cylinders. 
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li. In example 12 prove that the paths of the particles relative 
to the cylinder are fiimikr ellipses, and that the paths in space are 
similar to the pericycloid 

x^ia + b) coaO+(a-b) cos ("^^)'^> 



y - (a + 6) sin e+{a-b) sin i^^^_ J 



[ 



15. Water is enclosed in a vessel bounded by the axis of y 
and the hyperbola 2 {x" — 3)/°) + x + my = 0, and the vessel is set 
rotating about the axis of z. Prove that 

^ = 2 {Zx^y - y') +xy- ^m (a;= - y% 

f = 2 (ar" - 3a^/) + \{x'- f) + ma:y. 

16. When the stream lines for steady motion are aimilar 
concentric and similarly situated ellipses, the motion of a particle 
is the same as if it were acted upon by a central force to the 
centre ; and if the potential of the impressed forces is a function 
of the distance from the centre, the lines of equal pressure are 
circles. 

17. The coordinates {x, y) of a particle at time t are given by 

x = a-^ A COB 2mr( + B sin 2?iir(, 
y — b + XA sin 2n7r( — \B cos 2«.7r(, 
where A, B,\ and n are constants with regard to 3> and y, but A 
and B functions of a and b. Prove that if the different particles 
corresponding to different values of a and b are the particles of a 
liquid, A and B must he conjugate functions of the complex 
a + lifK Under what conditions ia a free surface possible ? 

18. The space between two confocal coaxial elliptic cylinders 
is filled with liquid which ia at rest. Prove that if the outer 
cylinder be moved with velocity U parallel to the major axis, and 
the inner with relative velocity V in the same direction, the 
velocity potential of the initial motion will be 



tf>= He cosh Tj cos f - 



Y; tiosh O 



cosh t^ - a) 



■ ^ cyh 



where i? = y9, »; = a are the equations of the outer and inner 
cylinders respectively, and 2c the distance between their foci. 
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19. If in the last example the outer cylinder were to rotate 
with angular velocity fl, and the inner with angular velocity ©, 
prove that initially 

. ,^ aC08h2(^ — a) . ^^ T aCosh2(/8 — ^) . ^^ 
* = i"^ 8inh2(^-a) «^^ 2? - i«c' 3i,b208-a) ^'^ ^^^ 

20. If u = x+ ly, v = x ^ ii/y and n be any positive real 
quantity, prove that when a cylinder whose cross section is the 
curve r* = 20* cos nd is moving with component velocities U, V 
parallel to the axes, in an injfinite liquid, the current function is 

where -^/^^ = - i ca {v (v* - c*)"* - w (i** - c")"*}, 

Hence prpve that if the cross section is the cardioid 

r = 2c (1 + cos d)y 
'^^ = 2rc* sin \6 {sjr - ^c cos i^) (r + c - 2 Jrc cos ^6?)"*, 
^|ry = - re (r + c cos ^ - 2 vVc cos ^d) (r + c — 2 J re cos ^d)"*. 



CHAPTER VI. 



ON DISCONTINUOUS MOTION. 



125. In the preceding chapter, we obtained expressions for 
the velocity potential and the current fanction of a liquid which 
is flowing past an elliptic cylinder, and it might be thought that 
by making the minor axis of the cross section vanish, we eould 
obtain the solution for a stream which is flowing past a rect- 
angular plate. This however is not the case ; for if the minor 
axis be made to vanish, it will be found that the velocity of 
the liquid becomes infinite at the edges, and therefore the pressure 
becomes equal to — x , which indicates that a hollow would be 
formed in the neighbourhood of the edges. In order that the 
motion represented by the formulae should be possible, it would 
be necessary that at every point of the liquid boundary of 
the hollow, the pressure should be constant, and therefore the 
liquid boundary would have to be a line of constant pressure 
as well as a stream line; but it is not difficult to show from 
the formulae that it is not possible for a line of constant pressure 
to coincide with a stream line, and hence the formulae fail when 
the cylinder degenerates into a rectangular plate. 

126. The problem of determining the steady motion of heat 
and electricity, is precisely the same as that of determining the 
motion of an irrotationally moving liquid subjected to the same 
boundary conditions, so far as the velocity potential is concerned ; 
but there is an important distinction between the two problems, 
for in the former the pressure condition does not exist. Hence the 

alutioa iif problems in the couduetiou of heat or electricity cannot 
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, hydrodyQamical interpretation, unless the value of the 
pressure given by that solution never becomes negative at any 
point occupied by the liquid ; — in other words, whenever it ia 
i for the liquid to flow according to the electrical law of 
flow — ; but when this is not the case, the hydrodynamical applica- 
tion of such formulae would give results, which although in mauy 
cases approximately representative of the motion at a considerable 
distance from the region of negative pressure, certainly do not 
give correct results in the neighbourhood of this region. 

127. We have noticed in Chapter IV, that there ia nothing 
in the nature of a perfect fluid to prevent slipping taking place 
between two contiguous layers, and we have shown that a surface 
along which slipping takes place ia a surface of discontinuity, 
which possesses the properties of a vortex sheet ; but the possibility 
of such slipping is not taken into account in the ordinary theory, 
which assumes that the liquid flows according to the electrical 
law. But in order to solve problems in which liquid is flowing past 
a sharp edge, it will be necessary to take into consideration the 
possibility of slipping; and we must therefore endeavour to obtain 
a solution, such that a certain surface of no flux which passes 
through the sharp edge shall also be a surface of constant pressure. 
This surface of no flux will either form the free boundary of the 
liquid, or will constitute a surface of separation between the moving 
liquid and a region of liquid at rest, and in the latter case will be 
a surface of discontinuity along which slipping must take place. 
The only problems of this class which have yet been solved are 
problems of two dimensional motion, and the method of solution 
is due to Kirchhoff' and depends on the properties of complex 
variables. 



128. Any complex variable x + t-y, may be i 
metrically by means of a vector drawn from the origin to the 
point whose rectangular coordinates are (ic, y). 

If we put x = rcos6,y=r sin 6, the length of the vector will 
be r, and d will be the angle which its direction makes with the 
axis of X. The quantities r and 6 are respectively called the 
modulus and amplitude of the complex x + ty. 

The sum of two vectors a:+ ly and a + i6 ia x + a + i{y + h), 
which represents a vector drawn from the origin to the point 
(a; + a, y + b). Hence the sum of two vectors is represented by 
' CrelU, vol. lsk.; and Vories. iiher Math. Phy, Chapters isi., ssn, 
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the diagonal of the parallelogram of which the two vectors are 
adjacent sides. 

Similarly the difference between two vectors is represented by 
a line drawn from the origin, which is equal and parallel to the 
line joining the opposite extremities of the two vectors. 

The product of the two vectors is 

(x + ty) (a+ ih) = ax — by + I {bx + ay) 
= R (cos + ( sin 1^), 
where Rcos (f> = ax — by, R sin ^ = hx + ay. 

Hence .5" = (a' + 6') (a;' + f), 

. hja + yjx 

tan ^ = / . 7 . 

L — by I ax 

Whence the product of two vectors is a vector whose length is 
equal to the square root of the product of the two vectors, and 
whose direction is inclined to the axis of x, at an angle wbich is 
equal to the sum of the inclinations of its fa^^tors. 

Similarly the quotient of two vectors is a vector whose length 
is equal to the square rout of the quotient of the two vectors, and 
whose direction is inchned to the axis of x, at an angle which is equal 
to the difference of the inclinations of the dividend and divisor. 

129. Let z and w denote the two complexes x + ty and ^ + f^ ; 
and let a: and y be rectangular coordinates of a point P in a plane, 
which we shall call the plane of z ; and let <^ and ->^ he rectangular 
coordinates of a point P' in another plane which we shall call the 
plane of w. Then if w and z he connected by any relation 
w =f{z), it follows that if P trace out any curve in the plane of 
z, P" will trace out a corresponding curve in the plane of w. 

130. Every function of a complex has a differential coefficient, 
for 

•^ ^'''~dz~ ~dx~+'idy 

(d A/dx + td-<^jdx) dx + {d^jdy + id'^ldy) dy 
~ dx + idy 

And since j^ + 'T]='hr+'rr-. 

dy dy \dx dxj 

this ratio is independent of the ratio dyjdx. 



^ 



I 
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^V If and ijr be the velocity potential and current fuQction of 

^H a liquid, 

^M dw _d^ ^^ _ _ 

^M dz dx dx 

■ Therefo 



Therefore j— = = —{u + t,v) = ^ (Bay), 

where q is the resultant velocity of the liquid ; hence the vector ^ 
represents the reciprocal of the velocity of the liquid. 

131. In the class of problems which we are about to consider, 
the boundaries of the liquid consist partly of straight lines which 
constitute the fixed boundaries of the liquid, and along which the 
direction of the velocity is necessarily constant; and partly of the 
free surface of the liquid or of surfaces of discontinuity, which 
divide the moving liquid from the region of liquid at rest, and along 
which the pressure and consequently the magnitude of the velocity 
must be constant. Hence, if we choose the scale of measurement 
such that 3=1 along the latter surfaces, the boundaries will 
become transformed in the plane of f into an arc of a circle 
of unit radius, which corresponds to the free surface, or surfaces of 
discontinuity ; and into the radii of this circle, which correspond 
to the fixed boundaries. The points where the radii meet the 
circle correspond to the points where the fixed and free boundaries 
intersect ; also since the velocity must not become infinite, ^ can 
never vanish, and therefore the portion of the plane of f external 
to this circle and included between the two radii, corresponds 
to the portion of the plane of w occupied by the moving 
liquid. 

Along the boundaries fixed and free, of the liquid in the plane 
of z, we must have ■^= a., and -^ = ^, where a and y9 are constants ; 
hence the corresponding portion of the plane of w consists of the 
space included between the two parallel straight lines ■<^ = a, 
+ = /3. 

We must therefore endeavour to connect ^ and wj by a relation, 
such that the above mentioned portions of the two planes of 
^ and w shall correspond ; and also that certain points in these 
two planes shall correspond to certain points in the plane of z. 
When this has been effected, the relation between z and w, which 
determines (^ and i/r in terms of x and y, must be obtained by 
integration. 
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132. We shall define a lune as the space which is included 
between two circular arcs which meet but do not cross. 

The angle of a hine is the angle at which the arcs meet. 

Let 2 = w + iy, z' = x' + ly', where {x, y), {x, y') are the rect- 
angular coordinates of two pointa P, P' in the planes of z, z' 
respectively. We shall now show that if P trace out any lune of 
angle a in the plane of z, and P' trace out another lune of angle a' 
in the plane of z\ it is possible to connect s and / by a relation, 
such that the angular points of the two lunes shall correspond ; 
and also that any third point on the perimeter of one lune 
shall correspond to any third point on the perimeter of the 
other. 

The equation 

where A, B, C, D are complex constantSj transforms any circle in 
the plane of Z into another circle in the plane of Z'. For if the 
point P describe a circle about the point c = ffi + 16 as centre, we 
must have 

mod(Z — c) = const (2) 

or («-«)'+(;/- by = const. 

Substituting the value of Z in terms of Z from (1), (2) 



1 



mod (k ^, _ A = const (3), 



where K, C,, C^ are new complex constants. Now iik, p,, p, are 
the moduli oiK,Z'-C^,Z'- C,, (3) may be written 

— = const., 

whence P' moves so that the ratio of its distances from the 
two fixed points 0,, C, is constant, and therefore describes a 
circle. 

Since (1) contains three disposable constants, viz. the ratios of 
the three quantities A, B, C, to D, it follows that these ratios may 
be chosen, so that a circle passing through three given points in 
the plane of Z shall correspond to a circle passing through three 
given points in the plane of Z'. 
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133. Let Z + *r=5£- = ^^' (4) 

where c^^a + ib, c, = a + ((9. 

Let ^ *ii<i -^ ^ tbe points e, and c,. The vector SS being 
the quotient of the two vectors AP and BP, is represented in the 
plane of SE by a straight line whose inclination to the axis of X 
is equal to APB. Now if P describe a circle passing through A 
and B, the angle APB is constant, hence every circle passing 
through the points A and B in the plane of z, corresponds to a 
straight line passing through the origin in the plane of 5S. 
Also if P and Q are any two points on two different circles passing 
through A and B, the inclination of the two corresponding lines 
in the plane of 2J is equal to BQA — BPA, that is to the angle of 
the lune AQBPA. Hence (4) transforms any lune in the plane 
of 2 into two straight lines in the plane of jE whose inclination is 
equal to the angle of the luue. 

If we put Z=%', 

the two straight lines in the plane of jE become transformed into 
two straight lines in the plane of Z inclined at an angle n times 
as great ; hence if a be the angle of the lune and n = Tr/a, the 
equation 



=e^j 



.,(5) 



transforms a lune in the plane of z whose angle is a. and whose 
angular points are c,, c, into a single straight line in the plane 
ofZ 

Similarly if z be any other plane, the equation 



=(fca^ 



transforms a lune in the plane of / whose angle is a! and whose 
angular points are c,', c,' into a single straight line in the plane 
of^'. 

If therefore we substitute the values of Z, Z from (5) and (6) 
in (1), the resulting equation transforms any lune of angle a in the 
plane of z into a lune of angle a' in the plane of / ; and by 
suitably choosing the ratios A : B : : D, we may make any three 
points on the perimeter of one lune correspond to any three points 
on the perimeter of the other. 




■■(7), ' 
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134. Wc must now notice some particular cases. 

(i) Let z^e" OT X + Ly= e^^'^ 

whence cc=e^ cos i/^, y — e* sin ■<fr. 

When ^ir — or IT, y = ; hence (7) transforms the two parallel 
straight lines i/r = 0, -^ = tt in the plane of w into the single 
straight line y = in the plane of z. 

(ii) Let z = ijw or x + t,y = Ji^ + (^ (8). 

Putting = ii cos j^, i^ = R sin x> 

we obtain x = tJR cos J;;(;, y = iJR sin i;(;. 

When JR sin ^^ = const. =c,y = c; hence (8) transforms the 
confocal parabolas jR sin ^x — '^ ^" ^^^ plane of w into the 
parallel straight lines y = c in the plane of z. Now if c = the 
parabolas degenerate into a double line extending from the focus 
to =o . Hence (8) transforms a straight line in the plaue of w ex- 
tending from a fixed point to infinity, into the whole of the axis 
of X, in the plane of z. 

(iii) Let us now consider the portion of space bounded by 
the straight Knea OA, OB in the plane of f, 
which is external to the circular arc AB. 

If 7 is the inclination of OA, OB, the 

equation t,' = t," transforms the two straight 

lines OA, OB in the plane of ^ into a single 

A straight line in the plane of ^' ; and the 

arc AB into the semicircle ab. Hence the 

transformed region in the plane of ^', is the portion of apace lying 





^M on t 

^B and 

H as a 

^1 and 



on the upper side of a'b , and which is bounded by the semicircle 
the iofinite straight lines aa'. bb'. This region may be regarded 
lune of angle Jtt, one of whose arcs is the semicircle apb; 
vhose other arc consists of the infinite lines aa', hb', which 
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rinay be regarded as an arc of a circle whose centre is at infinity. 
By (5), the equation 



^(m 



transforms this lune into a single straight line in the plane of s, 
hence the required transformation is 



,.(9). 



135. We shall now apply the preceding method to the solu- 
tions of some special problema 

A jet of liquid escapes by a slit AB from a large cistern of 
which the side is afx; required the motion, which is supposed to 
be in two dimensions. 




The figures show the corresponding lines in the planes of z, f 
and w ; corresponding points being represented by the same letters 
in each of the three planes, and the fixed and free boundaries and 
their corresponding lines by thick and thin lines respectively, 
The lines x'A, Bx along which the direction of the velocity is 
invariable, are represented in the plane of f by the straight lines 
scA, Bx ; and the free surface of the jet along which the magnitude 
of the velocity is invariable and equal to unity, by the semicircle 
APQB. The portion of the plane of f lying above the line 
xBQPAaf, corresponds to the space occupied by the liquid. In 
the plane of w this space corresponds to the region contained 
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between the parallel straight lines x'AP and xBQ. Let i^ = 0, 
■^ = TT be the stream lines x'AP, and xBQ : also let ^ = he the 
equipotential surface passing through A and B. 

In order to transform the region in the plane of f to that 
in the plane of zu, we mnat put 7 = tt in (9) and we obtain from (7) 
and (1), 

[^+1) Ce'-' + D- 

Since a liquid flows from places of lower to places of higher 
velocity potential, the following conditions must be satisfied : 
(i) if) = — 00 , f = 30 , (ii) ^ = X , i^ = — (, 
(iii) w = 0, ir=l, (iv) w = i-n,^=-l. 
Of these (i) gives B=D; (ii) gives A = -C; and (iii) and (iv) 
both give A= — B : whence 






1. 

Let 9 be the angle which the tangent to AP makes with AB; 
along AP 5 = 1, -i/^ = 0, and ^ ia positive ; hence 

cos e + 1 sin ^ = 6-* + ( Jl-e-^, 

whence cos^ = e"*, 

sine = Vl-e-^. 



Also 



#_ 



therefore measuring s from A, we obtain 



-j- = cos fl = 6-*, 



■ The 

^M is callei 
^1 fore eqi 



being the origin. When 5 = 00, a:=\; also since the final 
idth of the jet is tt, the width of the slit ia tt + 2. 

The ratio of the final width of the jet to the width of the slit, 
is called the coeffisienl of contraction of the jet, which is there- 
fore equal to 7r/('7r + 2) or -611. 
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Again 



g = sin^Wl^-^ 



l+7l-e 



1 — Jl — e~ 



(11). 



Eliminating s between (10) and (11), the equation of the 
free surfece of the jet is 

/a i 11 1 + n/^* — aj' 

yW2.-.'-^log ^_^__, . 

Also the raxlius of curvature is tan 0, which vanishes at the 
origin. 

If we put f^^* for f we obtain the solution when the boundaries 
xB, oiA are inclined at an angle a. 

136. Let us now suppose that the conditions of the last 
example are varied by introducing a tube projecting inwards \ 



«/'n 



1 



B' 



r\ 







A' 



A' 



B' 



tv 



B' 



B 



The containing vessel is supposed to be so large that we may 
disregard what takes place at the sides. The motion will then be 
as follows. The liquid will flow along the side BBy and at B the 
direction of its velocity will begin to change, and the liquid will 
finally flow out in a stream whose section will be less than that of 
the tube. 



1 Helmholtz, Phil, Mag, Nov. 1868. 



B. 



9 
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Since the aperture of the tube is supposed to be small, the 
curve in the plane of if which corre&ponds to the free boundaries 
may be approximately regarded as a circle, and if we put f ' = Vf 
the space bounded internally by this circle and the lines AA', 
BE', will be transformed into the region in the piano of f in 
the last example. The solution in this case may be obtained from 
the last example by writing y'f for ^, and we obtain 



■J~ 



y = e-' J\ - e-2' + sin ' ' e"' + y\ 
the middle point ai AB being the origin. When s = oo, y = y', 
BO that 2_y' is the final breadth of the stream and is therefore equal 
to tt; when s = 0, y = Jir + !/' = tt, whence AB = %ir, and the co- 
efficient of contraction = ^. 

137. Lord Rayleigh' has shown that if the vessel were of 
finite dimensions, the coefficient of contraction must always be 
greater than J ; for let a" be the area of a section of the vessel so 
far removed from the orifice that the velocity over it is sensibly 
constant and equal to v". Let v, a be the ultimate velocity and 
section of the jet, a the section of the tube. The equation of 
continuity gives 

v'a' = v'a-". 
By the principle of energy 

p = J (»'■'- o. 

and by the principle of momentum 



" Phil. Mag. Deo. 187S. 
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From these equations we obtain 

a IT IT 
which shows that the section of the tube is an harmonic mean 
between the sections of the cylinder and jet. When (r" = M, 
a-' la=\ as before. 



138. When a rectanynlar lamina is helJ fixed in a stream 
which meets it obliquely, there will be a region of dead water 
behind the lamina, which will be at rest, and the total pressure on 
the lamina will be due to the difference of pressures upon its 
anterior and posterior faces. 

The stream line i/r = meets the lamina at some point and 
then divides, each branch following the lamina to its edges, and 
afterwards forming the boundary between the moving liquid and 
the dead water behind the lamina. 




The portion of the plane of f corresponding to the moving 
liquid is that which lies below the semicircle AA'B'B and the two 
infinite lines Bh, Aa; and the points + » correspond to 0. The 
whole of the plane of vi corresponds to the portion occupied by the 
moving liquid, with the exception of the double line shown in the 
figure, which may be regarded as the limiting form of a parabola. 

Let a. be the angle at which the stream meets the lamina; 
since the equation w' = ^JvJ converts the double line in the plane 
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, single straight line in the plane of i 





/f-lN- A^u> + B 




\f+lj tWui + B' 


The conditions to be satisfied are 




(i) *=±", f- cos a -.sin a. 




(ii) ».0, f==o. 


From (i) we 


! obtain 




A^-C tan' i^. 


and from (ii) B 


= D, whence 




/{r-iy -CVwtan'Ji + B 
If+lJ C^w + B 


ut 


j-VfCl + cosa), »).i&, 


and we obtain 


/f-iy l-(l-cosa)V« 
{(+l) l + (l + cosa)V»' 


or 


f=n + 7!l--l 1 



(12). 



where 



Ii= cosa+ -— . 



"When the velocity of the stream at infiuity is equal to V, which 
will be supposed to be the case in what follows, we must change 
fitito fV, and (12) becomes 

fr=il + 7fr^ (13). 

In the plane of z let be the origin, OB the axis of x; along 
AB f must be real and equal to w"', and at A and B ^= F"'. 
Hence at all points of the lamina we must have 11 > 1, and at A 
anti B, il = — 1 and + 1 respectively. 



Let I be the breadth ■ 



if the lamina, then since aloi 



AB 



the limits of integration being determined by 
il = cos a 4- -— = + 1 . 
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If ^ be a new variable such that 

^ = J(o sin' a — cos a, 
the limits of ^ will be ± 1, and we obtain 

i VKl =1 {(^ + cos a) cos a + sin' a + ^1 - ^' sin a} cosec* a d^. 

Whence ^= in - 4 — • 

Ft sm a 

Along the lines J.J.', BB' the pressure p = p{G —\ P), which 
must be equal to the hydrostatic pressure of the dead water. At 
the surface of the lamina, 



« = 0-J 



M» 



P 

Hence the total pressure on the lamina is, 



AT sin' a 



ttV^ Ip sin a ,- ^. 

= . . ^ . (lo), 

4 4- -TT sm a 

which determines the resistance which the lamina offers to the 
stream, and shows that it depends partly upon the square of the 
velocity and partly upon the angle which the stream makes with 
the lamina. 

The moment of the pressure is 

A sm aj_^ ^ 
Now by (14), 

^ VKx = J {cos ol(^ + cos a) + sin' a + n/1 — /8' sin a} cosec* ad/3. 
Hence, if the origin be suitably chosen, the value of x will be 



_ ^'cosa 4- 2/8 + 1)8 Ji-ff' 4- sin'^/g} sing 
^ VK sin* a 
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The odd terms in ^ contribute nothing to the integral, and 
therefore 






f cos ad^ 



I 




X"sin' 
■jrp cos a OT cos a 

" 4A:" sin' a " OCFsin'a" 
The distance of the middle point of the lamina from the origin 
is coaa/r/Tsin'a ; hence the distance of the centre of pressure 
from hue middle point is 

3 COS a _ 3i cos a 

4irFsin*a 4 (4 + tt sin a]' 

If Jtt > a > 0, the negative sign shows that the centre of pressure 
is on the upstream side of the middle point; hence if the lamina 
be free to tarn about an axis parallel to its edges whose distance 
from the middle point is 

Sicosa -,„, 

~ 4 (4 + TT sin a) ' ^ 

it will be in equilibrium. If a = jTr, a; = 0; and the lamina will 
set itself transversely to the stream. When a = 0, a: is a maximum 
and is equal to 3i/16, in which case the axis divides the lamina in 
the ratio 11 : 5. 

139. The results of equations (15 and IG), which are due to 
Lord Rayleigh', may be stated in another form as follows. "If the 
axis of suspension divide tlie width in a more extreme ratio than 
11 : 5, there is hut one position of stable equilibrium, that namely 
in which the lamina is parallel to the stream with the narrower 
portion directed upwards. If the axis be situated exactly at the 
point which divides the width in the ratio 11 r 5, this position 
becomes neutral, in the sense that for small displacements the 
force of restitution is of the second order, but the equilibrium is in 
reality stable. When the axis is stilt nearer the centre of figure, 
the position parallel to the stream becomes unstable, and is 
replaced by two inclined positions making with the stream equal 
angles, which increase from zero to a right angle as the axis moves 
towards the centre. With the centre line itself for axis, the lamina 
can only remain at rest when transverse to the stream although of 
course with either face turned upwards'." 

Oq the refJBlance of flaids," rhU. Mag. Di>c, l«7r.. ' Ibid. 
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140. Id order to obtain the iutrinsic equation of the surface 
uf Bepa,ratIoD, we have along this surface 

Therefore -^ = li = cos =■ + -^. 

Now ^* = V. 

as 

therefore = F (s + c), 

and therefore ^ = coa fi = cos a + , ,,,,i .-^ rr . 

da -^/{VK(s + c)\ 

The constant c is to be determined from the fact that when s = 0, 
C08 fl = + 1. In the case of perpendicular incidence, we have 
c = 1/ VK, whence 

dj: _ / c 
ds Y fi + c ' 
or a; = 2 (cs + c') + constant, 

from which it appears that a; does not approach a finite limit as a 
increases indefinitely. 

The methods of this chapter only apply when the motion is in 
two dimensions ; so far as I am aware, no problem of this class has 
been solved when the motion is in three dimensions. 



MISCELLANEOUS EXAMPLES. 

1. If u, V, w, are any functions of x, y, z, prove that 
udx + vdy + wdz ~ d^ has an integrating factor; hence show that 
if M, D, Uf be the velocities of a fluid, then along any vortex line 

udai + vdy + wdz = d<^. 

2. If in an infinite mass of homogeneous incompressible fluid 
in equilibrium under finite fluid pressure only, an indefinitely long 
cylindrical column be suddenly annihilated, prove that no motion 
will take place. 

3. Prove that the velocity potential due to a unit source 
placed outside a sphere of radius a, and at a distance / from its 
centre is 

= _(r*-2/rcose+/T*-"/"'(^-2crcose + cT* 

+ a"' (log [c ~ r cos 5 + (t^ - 2c '/■ cos + c')*] - log r (1 - cos 0)], 
where ()■, 6} are polar coordinates referred to the centre of the 
sphere as origin, and c = a'//. 
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4. Prove that the rate at which the energy of a mass of 
liquid, contained within aa imt^nary closed surface described in 
the liquid is increasing, is equal to 

flip + pV)q cos edS, 
where p is the pressure, V the potential of the impressed forces, 
(/ the resultant velocity at any point of S, and e is the angle 
hetween the direction of q and the normal to S drawn out- 
wards. 

5. If a, b, C be curvilinear coordinates of any point {ic, y, 3) of 
a liquid, such that the lines of flow are the intersections of the 
surfaces 6 = const., c = const. ; apply § .S9 to prove that when the 
motion of the liquid is not steady, a first integral of the general 
equations of motion is 

where 






da-F (6, c, t). 



j.,T- 



d (a, b, c) 



6. If the molecular rotation of a mass of liquid which com- 
pletely fills a rigid circular cylinder be equal to ^t~' F' (r), where 
r'' F' (r) is any function of r which does not become infinite 
within the cylinder; prove that the paths of individual particles 
of liquid are circles described in periodic time 

i-KT^IFir). 

7. Ill § 135, if V be the velocity at any point on the middle 
line of the jet, whose distance from the orifice is y, prove that 



the ultimate velocity of the jet beiug unity, and the scale of 
measurement being such that ■n- + 2 is the width of the orifice. 



CHAPTER VII. 

ON THE KINEMATICS OF SOLID BODIES MOVING IN A 
LIQUID. 

141. In the present chapter we shall obtain expressions for 
the velocity potential, io a variety of cases in which a liquid 
is bounded externally or internally by moving solids, when the 
motion is in three dimensions. We shall suppose that the motion 
of the liquid is irrotatioual and acyclic, and consequently the 
motion will be completely determioed by means of a velocity 
potential which must satisfy the following conditions ; 

(i) if> must be a single valued function, which at all points of 
the liquid satisfies the equation V'0 = ; 

(ii) 1^ and its first derivatives must be finite and continuous 
at all points of the liquid, and must vanish at infinity if any 
portion of the liquid extends to infinity ; 

(iii) At all points of the liquid which are in contact with a 
moving solid, d4>/dn must be equal to the normal velocity of the 
solid, where dn is an element of the normal to the solid drawn 
outwards ; if any portion of the liquid is in contact with fixed 
boundaries, dtfi/dn must he zero at every point of these fixed 
boundaries. 

142. Let us now suppose that a single solid is in motion in an 
infinite liquid. 

Let Om, Oy, Oz be three rectangular axes Jilted in the solid, and 
let <f^^ be the velocity potential when the solid is moving with unit 
velocity parallel to Ox, and let ;^, be the velocity potential when 
the solid is rotating with unit angular velocity about Ox. Let 0„ 
^i' Xv X> ^^ similar quantities with respect to Oy and Oz. Also 
let M, V, w be the linear velocities of the solid parallel to, and 
(0,, 01,, o), be its angular velocities about the axes. 



r 
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The velocity potential of the whole motion will be 

<f> = u<f>^ + vtj>^ + w^^-i- »iXi + t^iX. + '"5X3 (X)- 

For if \, fi, V be the direction cosines of the normal at any 
point a:, y, z on the surface of the solid, we must have at the 
surface 

dn ' (ill dn 

JL = vv — ,-s -A' = >2 - vj: — ^s 



1 



dn 



f^- "/,' ^'^'^^ '"^- ~^f^l^~ ^!>- 



= normal velocity of the solid, 

143. To find tfie velocity potential when a sphere of radius a is 
moving parallel to the axis ofx'. 

Let M be the velocity of the sphere, a its radius, 9 the angle 
which the radius to any point on its surface makes with 0*', then 
at the surface', 

-/ = " cos 0, 
dn 



dr 



^ wcosi? (2), 

when r = a. 

Since the motion is symmetrical with respect to Oin. and the 
velocity must vanish at infinity, ^ must be of the form 



where P, is the zonal harmooic of degree n. Substituting in (2), 

we obtain 

A„ 2^,cosfl , . 

- - ° L-i &c. = M cos d, 

a a 

whence A^ — A^ = &c. = 0, 

and A, = — lua', 





= -: 
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144. If the sphere were moving with component velocities 
u, V, Wy parallel to the axes, the velocity potential would be 



a 



This expression is the velocity potential of a doublet situated 
at the centre of the sphere, whose axis coincides with and whose 
source end is turned towards the direction of motion of the sphere. 

145. The velocity potential may be determined by the method 
(»f images, when the solid, which is formed by the revolution about 
the line joining their centres, of two spheres which intersect at 
right angles, is moving parallel to its axis*. 

Let A and B be the centres of 
the two spheres, G a point on their 
circle of intersection; then if OS 
is perpendicular to AB, S is the 
common image of B and A with 
respect to the spheres A and B. 
Let AG = a,BG = b, 

AB = c = '/a^T¥. 

and let u be the velocity of the solid along AB ; also let (r, 0), 

^^i» ^i)» (^2» ^a) ^^ ^^^ polar coordinates of any point P referred 
to B, 8 and A respectively as origin. 

The velocity potential due to the motion of B alone is 

0i = -2^cos^, 

which is the same as that due to a doublet of strength ^uV at B. 
The image of this in -4 is a doublet at 8 of strength 

and the image of this in 5 is a doublet at A of strength 

ab 




hub" ( 



AB.BSj 



= \ua*. 



This is precisely what is required to give the requisite normal 
velocity over A and B, whence 



, (b' cos 
4> h^[—pr-- 



6' cos a'V cos 6. a' cos 6 



(^r," 



-' + 



■)• 



1 Stokes, Math, and Phys. Papers, vol. i. p. 230. 



140 



KINEMATICS OF MOVING SOLIDS. 



146. The motion of two spherea will be discusaed in Chapter 
XL, but when the space between two concentric spheres is filled 
with liquid, and the spheres are moved id any mariner, the velocity 
potential of the initial motion can be obtained as follows'. 

Let a and b be the radii of the outer and inner spheres respec- 
tiveJy, their common centre ; and let the outer sphere be moved 
■with velocity u along any direction OA, also leC the inner sphere 
be moved with velocity v along a direction OB which is perpendi- 
cular to OA. Let 9 be the angle which the radius to any point P 
makes with OA, ^ the angle which the plane OAP makes with 
the plane OAB. 

The surface conditions are 



(A 



- u COS B, 



UrJ.- 



a 6 cos y 



■■<*)■ 



The function 



= (4r + ^Jcos^+ (Cr + -A sin ^ cos ;^; 



satisfies Laplace's eqnatio 
must liave 



Substituting in the first of (4) we 



and from the second of (4) 

, 25 „ ^ 2D 

A —-rr =0, G—-rr=V, 



whence A = va'/{a' - b"), B = \ua%'j {a' - b% 

C = - vb'iia' - b% D = - \va%'j (a' - V) 

J , "«' f b''\ „ vb" f tt' \ . . 
and rf) = -= — r, [r + Tr-..\cosd = — r, K + sr-J sin C coa v. 

147- The velocity potential due to the motion of an ellipsoid 
in an infinite liquid was lirat obtained by Green in 1833, for the 
case of translation only'; the solution was completed for the case 
of rotation by Clebsch in 1856'. 

(i) Let the ellipaoid move parallel to the axis of x with unit 
velocity. 




' atokea. "On 
* "BeaetLTches 
in.. 183II. 
" " Uobtr die Bewegnni 
103. 



le essee q\ fluid motion," Jramr. Gamb. Phil. Hoc, viii. p. 105. 
the vibration of pendnlams in fluid media," Traiii. Roy. Soe. 
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If V be the potential at an external point of a homogeneous 
ellipsoid of attracting matter of unit density, the equation of 
whose bounding surface is 

(x/ay + (y/by + (zlcy = 1, 

F=^a6cf f-^ +^, + .-^ , -l) ^ ,. 

h\a +^ b+yfr c +^ / {(a«+^)(t«+^)(c»+^)}J 

where \ is the positive root of the equation 

The potential at an internal point is obtained by putting 
X = in the definite integral. We shall write this expression in 
the form 

V = i(A>,a!'+B^' + G^z')-H^ (6). 



/.OO 1 1 

where J.x = 27ra6c I , ^ . i \ t s &c» 



H\ = irabc I ^ 



(7), 



X P 

P={(a«+^)(6«+^)(c»+^)}4, 

and we shall drop the suffix X, when these quantities refer to an 
internal point. 

If p is the perpendicular from the centre on to the tangent 
plane at x,y,z\ the surface condition is, 

dn a^ ' 

or o^d^^id^^^z^d^^x 

a^ dx V dy <? dz a" ^ ^' 

Since A^x is the a;-component of the attraction of the 
ellipsoid, this quantity obviously satisfies conditions (i) and (ii) of 
§ 142 ; we may therefore assume that 

</>! = dAxX, 
Hence at the surface 

d<^j / . 27rx dX" 



/ . ZTTX d\\ 



d<^i _ 27roix dX 

dy aj^ dy ' 

d<f>j__ 27rax d\ 

dz o? dz ' 



r 



I 
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Differentiating (5) with respect t-o x, and then putting X = 0, 
we obtain 

dx a' ' dy li' ' dz c' ' 
hence the left-hand side of (8) becumes 

ax (A — 4-!r)/a', 
whence a = (A — ^tt)"', 

3'"J 01 = -n i— ■ 

^' A—i'TT 

It therefore follows that if the ellipsoid is moving with 
velocities, u, v, w parallel to the axes 

AiUX Bivu CiWZ 

*-n;^+3r^ + (7TT. W- 

(ii) Let the ellipsoid be rotating with unit angular velocity 
about Ox ; then the surface condition ia 

^^^ w 

Writing for a moment Y and Z for B^ and G^z, it can easily 
be shown that the function zY — yZ satisfies Laplace's equation, 

\dzdy dydz) 
also at great distance from the origin Y and Z are at least of 
the order j-""', and therefore j;, is at least of the order j-"' and 
therefore vanishes at infinity. 
Let ua therefore assume 

X, = a'(^F-y2) = ay(S,-CA 
then at the surface 



y 



^_ ^dY_ dZ\ 

dn '^rfji'^' dn " dn) 



^jnp 



^{(S-C)(ft*+cO + *T(J»-<0}. 



Substituting in (10) we obtain 

(y-"') 



l: 



(B-C)(6' + fl + 4,rC6'-«')' 

''' (B-C)(6' + c') + 47r(4"-o") * 

The functions j(^. ^^ can be written down from symmetry. 
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148. The quantities Ax,, Bx, and (7x may be expressed in terms 
of elliptic functions of the first and second kinds ; but the most 
important case is when the ellipsoid is one of revolution. 

fi) If we put b = c<a, the surface becomes an ovary ellipsoid 
and 

A, = 2,rac' f ^ 

if (a* + \)* = (a* - c')K ; therefore 

..=-(l^(j,„,^_±j_l) a.,, 

• where e is the excentricity of the generating ellipse. Also 

5x = Ox = 2nac' r '^ 

_ 47r (1 - e') r_dv__ 



(ii) If we put a = h:>c, so that the surface becomes a 
planetary ellipsoid we obtain 

^x = 5x = 27ra«cr ^^^^^ ^ 

if (c' + \)* = (o' - c')*v ; therefore 

A=?^S^'(coe-..-^) (U), 

a.tL(^'(l.cot-.) (15). 

It will be observed that in the case of an ovary ellipsoid 
i/ = e'"\ where e' is the excentricity of the generating ellipse of 
the confocal ellipsoid which passes through the point (a?, y, z) ; 
and that in the case of a planetary ellipsoid 
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149. If c = tbe planetary ellipsoid becomes a disc, and 
^, = 0; hence a disc which moves parallel to itself cuts through 
the liquid without producing any motion. 

To find the velocity potential when the disc is moving perpen- 
dicularly to its plane, we observe that at the surface 1/ = ; hence 
when c and v are small c = av, therefore 



1 

\ 



a \c ^ J a 

erefore (b = — si cof'y]. 

■JT Kf I 

If ;i, V are elliptic coordinates, this equation may be written' 
^ = _?!?::? (l_^cot-%)/* (16), 



By § 99 (14) and § 110 (31), the velocity perpendicular to the 
hyperboloid /*= const, ia 



1 / I -At' d* _ _ 2w / I -;u' 
a V 7+7t' rfju ~ ~ V V I-' + ^ 



V cot"' v). 



At all points in the plane 3 = which do not lie on the disc, 
/i = 0, and the velocity perpendicular to this plane 

= -?^(l-.oot-.), 

which becomes infinite when f = 0. The velocity is therefore 
infinite at the edges, as we should expect since tbe liquid ia 
supposed to move according to the electrical law of flow. 

The solution for a stream flowing past a fixed disc behind 
which there is a region of dead water, has not yet been dis- 
covered. 



k 



The runctJQii ^„ (r) is a spheroidal harmonic of the saoond kind, and ia equal to 
(-1) "'*'' p„(ii') where Q^(') ii a zonol harmoDio of the second kind. The 
poteotial at an external point oF anj distribution of eleatricity upon an oblate 

iheroid which is symmetrical with respect to the axis of the epheroid, can be 

panded in a series of termR of the type q„ {v) P„ (fi). 




ROTATING ELLIPSOIDAL CAVITY. 



rl50. To find the velocity potential when, liquid is 
an ellipsoidal cavity which ia rotating about its centre. 



Here 

Assiiine 

Then 



= pj;2 
= Ays. 



&-J)- 



dn 



6* dy c* dz 



= Apyz(^^,-\ 



Equatiug these two values of dyf^/dn, we obtain 
6' + c' 



Hence 



x.-h 



,.y^- 



This value of ^ satisfies Laplace's equation, and is such that 
the velocities are finite and continuous at all points of the 
liquid. Hence 

, 6' — c' , c" - «* , a* — 6' 
= 10, n — ~1 V2 + (o„ -i 3 2:x+ CO. , — ,,6 



..-(17), 



151. Let us now suppose that the space between two 
concentric coaxial and confocal ellipsoids is filled with liquid, and 
that the inner and outer ellipaoida are suddenly moved with 
velocities U and V respectively parallel to the axis of 3*. 

Let the accented and unaccented letters refer to the outer and 
inner ellipsoids respectively ; and let 

tf> = Mz+ NC^e. 

The surface conditions are 



dn 



■Uli. 



vzi- 



• u, 



From the first equation we obtain 

and from the second 

M + lH(r-i-n-)=V, 
_ P(C'-<.ir)-7( C-4ir) 



Jf-i 



N= 



a-0 



u-v 

"(7-0' 



' GreenhiU, "Fluid motion lietween confocal elliptic cjlindecs and oonfocal 
ellipsoidfl," Quart. Jourxu vol. xvi. p. 227. 
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..(IS). 



and therefore 

* c' - c ' 

If the outer ellipsoid were rotating about the axis of z with 
angular velocity il, and the inner with angular velocity m, the 
surface conditions would be 



dn 



ypxy 



(^^). 



'^x_ 



fl p'xy I 



1 



1\ 



We must therefore assume 

= Mxy + N {B), — A^ xy. 
From the first equation we obtain 

and from the second 

|jf +if (B--^')! (i, + ^.) - 4.j7(i, ^ i,) . n (^, - -I) 

which determine the constants M and iV". 



(19), 



152. We shall next investigate the motion of a liquid about 
an indefinitely thin spherical bowl'. 

Let a be the radius of the sphere of which the bowl forms 
a part, its centre, c the radius of the small 
circle which forms the rim of the bowl, A the 
pole of this circle which will be called the 
vertex of the bowl, Q any point on the bowl ; 
also let V be the potential at P of a distribu- 
tion of matter of density o- on the bowl. Then 




Now PQ" 
Therefore 



IPQ' 

= r' + a'-2(irco9ij. 



\ 



hence 



ir- 



■ a cos Tj) dS 



I djVr) f [a- COS ed S 

a dr -j] PQ' • 
where e = x — OQP. The right-hand side of this equation is the 
magnetic potential at P of a complex magnetic shell of strength a: 
' Proc. Land. Math. Soc. vol. svi. p. 28li. 



SPHERICAL BOWL. 147 



^V 153. Let us now suppose that the motion of an infinzts liquid 

^M is caused by auy system of sources, sinks, or vortex filaments ; let 

^> ^ be velocity potential due to this system (which we shall call the 

externa! system) when the bowl is absent ; and let <f> be the velocity 

potential after the bowl has been introduced. Then we may put 

= n + *, 

where 11 is to be determined. 

If the bowl is fixed, which for the present we shall suppose to 
be the case, the surface condition is 

_da _ d^ 
dr ~ </>■• 
when r = a. This condition is to be satisfied on both sides of the 
bowl. 

Now, if we remove the bowl, and substitute over its surface a 
sheet composed of doublets, whose axes are in the directions of the 
radii passing through them, and whose strength <t, per unit of area, 
is such that the normal velocity at every point of the sheet is 
equal and opposite to the normal velocity due to 3>, all the con- 
ditions of the problem will be satisfied. But the velocity potential 
of such a sheet of doublets is analytically equivalent to the 
magnetic potential of a complex magnetic shell of the same 
strength, which occupies the position of the bowl, and whose 
positive side coincides with the sink side of the sheet of doublets ; 
hence the problem is reduced to finding the potential and strength 
of such a magnetic shell when the normal component of the 
magnetic force at the surface of the shell is given. 

Now we have shown that, if V be the potential of a surface 
distribution of matter upon the bowl of density a; then 

a dr ' 
also, if f^o ^^^ ^1 ^^ the values of il at two contiguous points just 
outside and just inside the shell respectively, then 
n„ - n, = iira-. 
The magnetic force at the surface of the bowl is 
_dil ^ I tflFV) 
dr a dr^ 

l(d ., ,.dV^ 1 d^Vl 
~~a'\d/' '^'dfi. "*" l-fi'd^'y 
by Laplace's equation. 
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Now the value of the magnetic force at the surface of the bowl 
a always be expanded in a series of sphericai surface hai 



T ; hence, if 



~ dT~ ""' 



n(n+\y 



and therefore if — t- =2, Y,, (20) 

ar 

at the surface, the correaponding value of Fat the surface is 

''=»"<^) <'^'- 

The formula (21) fails when ji = ; the only case, however, 
which is necessary for our purpose to consider, is when the mag- 
netic force is symmetrical with respect to the axis of the bowl, and 
has a constant value F at its surface. In this case, 

„ da 

a'dfi^ ' dfi' 

therefore V=^Fa'\og {!-/:*») + ^A log j-^ + 5. 

Now P^must not be infinite when ^ = 1, therefore 

A=Fa\ 
and the value of V may be written 

F = fa'log a(l +/i). 
But, if an infinite straight line estending from the centre of the 
bowl to - t» be electrified with line density Fa*, its potential is 

= - Fa' log r{l+ A 
Hence V is the potential of the induced charge when the bowl 
is under the action of a positively electrified line extending frona 
the centre to — co . If, therefore, x he the potential of the bowl, 
under the action of a positive charge of unit intensity, situated at 
a point on the axis distant w from the centre, and on the negative 




side of it, 

r=Fa'j xdu. 
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ISi. The preceding result enables us to find the velocity 
potential due to a source situated at the centre of the bowL In 
this case 



tnereiore — ^— = --, , 

dr a 

therefore ii = 1 , du . 

a Jo ar r 

155. To find tlie velocity potential due to the motion of the howl 
in an infinite liquid. 

(i) Consider the case of motion parallel to the axis. 
If the liquid were flowing from right to left past the bow], the 
velocity at infinity being equal to w, then 

<^ = — V!Z 

and <f)=D,, — wz, 

whence ~ = w cos6 

dr 
at the surface. 

Hence, if the bowl is moving parallel to its axis with velocity «, 
<>s = ^.■ 

Now, by (21), P'. = - i wa' cos 6 

at the surface. V, is therefore the potential of the induced charge, 
when the bowl ia placed in a uniform field of force parallel to its 
axis whose potential is j^waz + const, whence 

" a dr 

(ii) Let the bowl be moving perpendicular to its axis with 
velocity if, and let the plane from which the angle i^ is measured 
contain the direction of motion; then if (^' be the velocity potential, 

-? =v cos -Jf sin 0, 

dr ^ 

therefore V' = — ^va* cos i/r sin 

at the surface. V is therefore the potential of the induced charge, 
when the bowl is placed in a uniform field of force perpendicular to 
a plane containing its axis. 
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(iii) Let the bowl be rotating about an axis. 

It is clear that, if the bowl were rotating about an axis through 
the centre of the sphere of which it forms a part, the bowl would 
simply cut ita way through the liquid without producing any 
motion. Now, a rotation about any other axis is equivalent to a 
rotation about a parallel axis through the centre, together with a 
velocity of translation perpendicular to the plane containing the 
centre of the bowl, and the original axis of rotation ; hence the 
motion of the liquid due to the rotation of the bowl is equivalent 
to that due to a properly chosen motion of translation. 

156. It thus appears from the preceding articles that the 
velocity potential due to the motion of the bowl in a liquid, 
depends upon the electro-static potential of an electrified bowl, 
which is placed in a field of force whose potential is known. We 
shall now show how to find this potential, when the field of force 
is symmetrical with respect to the axis'. 




Let ACB be a section of the bowl through 
its axis, / the centre of the Sphere of which 
the bowl forms a part, also let AIG = a, 
PIG=0,IA^a,AB=2c. 



If in the equation 



I 



--l+F,h + PJi''+.. 



(l-2kcosd + h''f 

we put h = e" and equate the real and imaginary parts of the 
resulting expressions, we obtain 

1 



oo8ja + P,coBf5[-|-P,cosfa+ . 

sin J a + P, sin §a + P^ sin |2 + . . 



V2(coaa-cosfl)^[...(22), 
= 




when d>oi. But if <a, the first aeries is zero, and the second 

8eries = [2(cos^ — cosa)) ', 

' Ferrers, "On the dietribntion of electricilj on a}iov/l," Quart. Journ. vol, xvm. 




m 

B Diffe 

^H cos 
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Differentiating the second series with respect to a, we obtain 
cos ^ a + 3P, cos f I + 5 cos f a + 

sin a _ ,„„, 

= (OrO {2S), 

^2 (cos - cos ay 
according as 8 < ot >a. 

Multiplying (23) by 2 cos J (2n + 1) a, we obtain 

co8J(a + cos(n + l)2 + 3P,[cos(n-l)a + co3(w4-2)a} + 

+ (2n + 1) P, [1 + cos (2m + 1) «} + etc. 

V2sinacosH2}i + l)g 



,^^ 



-orO, 



(coa d — cos a) 
according as ^ < or > 4i. 

If we suppose <a, and integrate both sides with respect 
to a, between the limits Trand a, we shall find that the series 



ii^a^A^'-" 



r Bin(»-s)a , sin (w + 3+1)1 p 
^' I n-s '*" n + s+l j ' 



=_L U + i)P, + ^^piM^^iii2,^^1 

^■^<^l " tJ, (cos ^- cos a)* J 

But if we suppose 0> a and integrate with respect to a. 
between the limits a and 0, we shall find that the series in 
question vanishes. It therefore represents the density of a certain 
distribution of electricity in the bowL The potential of this 
distribution is 






s)a sm{ }i + 3+1)0. 1 



n + S + 1 



(-:)■' 



if r > a ; but if r < a we must interchange a and r and multiply 
the result by o/r. 

To find the value of V at the surface of the bowl, we must put 
r = a, and differentiate with respect to a ; we thus obtain 

dV 



= 2coa i (2n + 1) a {cos ^ a + P, cos J 3 

_ V2cos^(2>t + l)a ^^^^ 

TT (cos a — cos 0) 



by (22), 
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Hence K = ^— — - ^ — ■ — '—, di 8>o, 

"^ Jo (eosa-coa^)* 

= F{e) B<a. 

To determine F{8), let a = 7r in the series (25) for V and 
we obtain V = P., 

The series on the right-hand side of (25) is the potential of 
the bowl when placed in a field of force whose potential at the 
surface of the bowl is equal to — P^, and the density is given by 
(24); and since the potential of every field of force which is 
symmetrical with respect to the axis of the bowl can be ex- 
panded in a series of zonal harmonics, we can determine the 
potential and density of the bowl when placed in any such field. 

167. In order to obtain the potential when the bowl ia 
placed in a field of force whose potential ia ^waz, we must put 
n = 1 in the series (25) and multiply the result by — Juio.*, hence 



we have 
+ i>, + P.4-' + 4c., 



In order to sum the first series, we have 
1 1 , -P, 



therefore const. — t + P,logA + P.A + " , +&c. 

A ' " ft— 1 

_ f dh 

. h~' — cos 9 

= - (1 - 2M"' + h-'f - ^ sinh-' Bipg ■ 

Putting k auccGsaively equal to oe^/r and ae'^/r, subtracting, 
and putting S, for the first aeries in (26), we obtain 

2(7^ a' S, = - (a' - 2arAie"" + r'e"*")* + (a' - aj-^e" -I- r'c^)^ 

r ■ , -, re " " - a cos 5 , , _, re" — a cos 61 ,„„, 
- fia smh ^-3 sinh ' — — ^-3 — ...(27). 

Let a* + r* cos 2a — 2ar cos a cos 5 = X cos 2^, 

r" sin 2a — 2ar sin a cos = X sin 2^, | 

r" -)- a' - 2nr cos (a - 6)=p', I 

r* -f- a" - 2ar cos {a + 9) = q'. 
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Then \=pq 

and the first two terms of (27) 

= 2t ^/X sin X- 
But 
4r' sin' a — (p — (7)' = 2 (\ — a' — r' cos 2a + 2ar cos a cos ff) 

— 4X sin" ;^. 
Hence the first two terms 

= ±i{4n'siQ'(K-{p-gy]K 
In order to find tbe value of the last two terms, let ua denote 
the quantity in square brackets by — 2tyjr. 
Since 

cosh (sinh"' m — siiih"'w) = V(l + «*') (1 + "*) + "i". 
we easily obtain 

a' sin' cos 2^ = (r"e^'" - 2(i?-e'° cos $ + a')^ 

X (r'fi-'" - 2ar6"'' cos ^ + a')* 
— {r* + a' coa" 5 — 2ar cos a cos d) 



therefore V = ^^°' 

. _, 2rain a 



9-p 
2a sin 9 



;,{V3iii=a-(iJ-2)']' 



therefore 

a*co8& . _, 2rsina 

f - — -T - sin — ; — . 

r p + q 

The second series can be summed in a similar manner, and we 

shall finally obtain, 

„ vjclV /I ■ -1 2c .,,,,, v„A 

StT |_ P + 1 ~ ^r 1' I 

+ ^ cos 9sm '?^" ± H4>'=in'« -(?-?)■!'] -(as)- 

158. If the positive signs be taken, this is the potential at ail 
points within the space bounded by the plane passing through the 
rim of the bowl, and that portion of tlie sphere passing through 
the centre and rim of the bowl, which lies outside the bowl. 

The potential for the space enclosed by the bowl and the 
plane through its rim is obtained by changing the inverse sine in 
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the first term to tt — ain"', and taking the negative sign befure 
the second term, and the positive sign before the fourth term. 

The potential for the remaining portion of space is obtained 
by changing the inverse aine in the third term to x — sin"', 
and taking the positive sign before the second term, and the 
negative sign before the fourth term. 

159. We cannot employ an analogous method for determining 
the potential when the bowl is placed in a Held of force perpen- 
dicular to a plane containing the axis, since no analytical theorem 
has been discovered for obtaining the potential of a bowl which is 
placed in a field of force whose potential is a tessera! harmonic 
sin (rm}) + e„) P" (cos 6}.' 

The solution can however be obtained by the following in- 
direct method. If we put ii = in (25), and sum the resulting 
series, we shall obtain the potential of an uninfluenced electrified 
bowl. Invert the result with respect to a point P in the plane 
containing tbe rim of the bowl, whose distance from the centre is 
equal to f, and multiply the result by — m. We shall thus obtain 
the potential when the bowl is under the influence of a positive 
charge m at P. Now if we place a negative charge m at 
a point P' in PO produced such that OP'=f, and make the two 
charges move off to infinity, whilst the product 2m//' remains 
constant and equal to ^va, the field of force will ultimately become 
a uniform field of force perpendicular to a plane containing 
the axis whose potential is ^va sia 6 cos yjr, where i^ is the angle 
which the plane through the asis and the point (r, 6, ■^) makra 
with some fixed plane through the axis. The resulting expression 
for V will be the potential of the bowl when placed in this field 
of force. 
_ The result of this process is, . 

H + grin- ?^" + -^^. Up + ,)• - tr- sin- a|'l . 

' If an electrified oLrcuIar disc is placed in a Held of force whasi! potential ia 
F (r, B) sin (^ + e), the potential of the induced charge can be obtained hy BeaserB 
FunationB, eec Proc. Camb, Phil. Sric, vol. v. p. 425 ; and thenoe by inversion, we 
^^^ can obtain tho potential of an eleotrified Bpherioal bowl when placed in a Add of ] 

^^Ea. farce of the ubuve form. M 
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The inverse sines and the double signs before the second and 
fourth terms must be interpreted in the manner explained in the 
preceding article. (See Proc. Land. Math. Soc. XVL p. 296.) 

The preceding expressions for the velocity potential make the 
velocity infinite at the edge of the bowl, and therefore the 
motion represented by the formulae could only be approximately 
realised in practice. 

160. In order to obtain the motion of a liquid in which a 
solid is moving by means of the velocity potential, it is necessary 
to find a potential function ^ which satisfies an equation at the 
surface of the solid which involves the first derivatives of ^, and 
this circumstance creates a difficulty which has proved insuperable, 
excepting in the case of an ellipsoid, an anchor ring', and a 
spherical bowl. But if the solid is one of revolution which is 
moving parallel to its axis, the motion can be determined by 
means of Stokes' current function, which Rankine' has shown has 
a definite value at the surface of the solid. 

Taking the axis of z as the axis of revolution, let w, u be the 
velocities of the liquid parallel and perpendicular to the axis of z; 
the surface condition is 

lw + mu = lY, 
where V is the velocity of the solid, or 

1 d-^ dw 1 d-^ ^^ _ ydv! 
BT d^ ds IS dz ds da ' 

Integrating along a meridian curve, we obtain 

^ = \V^^ (29). 

Now 1^ satisfies the equation 

^ ^ _ 1 ^ _ 
d^ dzr" w dttr 

In this put ijf = x^' B-nd we obtain 

*^X 4 ^ + 1 .^ _ X = 0_ 
dz" rfn-' ■m din et' 

which shows that ;(; sin i^ is a solution of Laplace's equation ; hence 
(29) may be written 

Xsin0 = jFy. 
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Henct! if U be tlie electric potential uf the induced charge, 
when the soHd is placed in a uniform field offeree perpendicular 
to a plane containing the axis and whose potential is — ^Vy, then 
Uw cosec will be the current function when the solid is moving 
with velocity V parallel to its axis. 

In the case of a sphere 

.. _ V(^y _ Fa'w sin <^ 

™, - , Vc^sr' Fra'sin*^ 

Therefore ^=^^.=.^^—. 



EXAMPLES, 

1. An ellipsoidal shell is filled with liquid and rotates uni- 
formly about a given diameter; prove that the path of every 
particle of liquid relatively to the ellipsoid will be an ellipse whose 
plane is conjugate to the given diameter ; and that every particle 
will sweep out, about the centre of its elliptic path, equal areas in 
equal times. 

2. liquid flows past the solid ellipsoid (jr/a)' 4- {ylhy + (3/c)'= I, 
the velocity at infinity being uniform and parallel to x. Prove 
that the lines of equal pressure on the surface of the ellipsoid are 
its curves of intersection with the cone y'/b* + z'/c^ = a^/A*, where 
A is 3. variable parameter, 

3. Liquid is bounded by the ellipsoid {x/aY + (y/b)^ + (z/cf = 1. 
If the surface undergo a uniform torsion about a principal axis, 
prove that the instantaneous velocity potential is proportional to 
mys for the liquid in the interior of the ellipsoid, and to 




for the external apace, where 

■"-.Li 



, Vl(»" + X)((.- + X)(e- + X)]- 



J 



*=-/; 
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4, Prove that the ¥el<M;ity potential due to a source of 
strength m, placed at a point on the axis of a circular disc and 
distant / from it, at points on the side of the disc on which the 

i is situated, is 

l-dP,f 

<"■' ir'+r-ifi)'' 
where P is the potential of the induced charge when the disc is 
under the action of a charge m, situated at a point on the axis on 
the other aide of the disc, and whose distance from it is/ 

5. The ellipsoid (a;/a)* + {y/bf + (e/cf = 1 is surrounded by an 
infinite mass of water and rotates about the axis of x. Prove that 
the component velocities of any particle of water parallel to the 
axes will be respectively proportional to 

dM_dN dN_dL dL^dM 
dz dy' dx dz' dy dx' 



a' + l/r 6' + ^ c* + -f} 



where P = V(a' + 1^) {b" + ^) {c" + ^), 

and \ is the positive root of the equation 






= 1. 



Prove also that if the ellipsoid be filled with water, the values 
of L, M, JV with instead of X for the inferior limit, will similarly 
determine the velocity of any internal particle of water. 

6. A sphere of radius a which is surrounded by an infinite mass 
of liquid, is strained uniformly so that e, /, g are the principal 
components of strain after unit time. Prove that the velocity 
potential of the initially resulting motion is 
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KTNEMATira OF MOVING SOLIDS. 



7. A sphere of radius a is surrounded by an infinite mass of 
liquid. If the surface of the sphere be suddenly moved with 
normal velocity eyz +fzx + gxy, prove that the velocity potential 
of the resulting initial motion is 

where r' = .t:' + y + a". 

8. Given that 

x=a (cosh a + cos ^ — coah 7), 

y = 4'a cosh Ja cos ^ff sinh ^, 

2= 4(1 sinh Jasin J^cosh^7, 
tranaform the equation of continuity into the form 
(cos (S + cos 7) -j-Y + (cosh 7 + cosh a) ,^ + (cosh a - cos 0) ,, =0, 

and show that the surfaces for which a, j3, 7 are constant are 
con focal paraboloids. 

Hence show that the velocity potential for infinite liquid 



paraboloid ^ = /8,, with 
nfinity, is given by 



streaming past the fixed hyperbolic 
velocity V parallel to the axis of x 

and write down the corresponding values of when the fixed 
surface is the elliptic paraboloid a = a^,ory = 7,. 

9. The axes of an ellipsoid which is filled with liquid vary 
with the time in such a manner that the volume of the ellipsoid 
remains constant ; prove that the velocity potential of the 
liquid is 

10. The axes of an ellipsoid which is surrounded by an un- 
limited liquid vary with the time in such a manner that the 
elhpaoid always remains similar to itself; prove that 



^^-^abc {aja + 6/6 + c/c) ( 



11. Determine the initial motion of liquid outside an ellip- 
soid, when component velocities (i) px, py, pz ; (ii) pyz, pzx, pscy 
are imparted to every point of its surface ; where p is the perpen- 
dicular from the centre ou to the tangent plane at x, y, z. 




CHAPTER VIII. 



ON THE GENERAL EQUATIONS OF MOTION OF A SYSTEM 
OF SOLID BODIES MOVING IN A LIQUID. 



161. When a number of solid bodies are moving in an in- 
finite liquid, the motion of the solids is most easily determined by 
regarding the solids and liquid as constituting a single dynamical 
system, and then employing Lagrange's equations. But as the 
methods and formulae employed are different according as the 
motion of the liquid is cyclic or acyclic, it will be convenient 
to consider these two cases separately. 



Acyclic Motion. 

162, The following notation will be employed ; let 

Pm' 9m' ^n ^ ^^^ linear and angular velocities 



3 fixed in the 



respectively of any solid S^, along and about £ 
solid. 

<f>^, <fij', <}>J" ; j(J, 'x^J', ■^J" the velocity potentials of the 
liquid, when the solid S^ is moving with unit linear and angular 
velocities respectively along and about axes fixed in jS„, and all 
the other solids are at rest. 

^^ the velocity potential due to the motion of yS^ when all the 
other solids are at rest. 

^ the velocity potential of the whole motion. 

M^ the mass of S^. 
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From § 142 (1) it follows that 

for at the surface of S^^^, d'P„/dn is equal to the normal velocity o( 
8 , and is zero at the surfaces of each of the other solids ; whence 

also, 'I' = S^. <2). 

By § 85 {20) if ® be the kinetic energy of the liquid 

where the integration extends over all the solids ; whence ^ 

Substituting the values of ^, 0^, 'J>j... in this equation, it 
appears that ® is a homogeneous quadratic function of the 
velocitiea If i(M„M,«)7 ("«. "„) denote the coefficients of u„', «„«_, 
&c. we obtain 



-2,//*.'f...^-2,//,;*...J 



These equations at once follow from Green's Theorem, and 
from the fact that dtf>^'/dn is zero at the surfaces of all the solidi 
except jS,. 

163. If all the solids are free, each solid will possess six degreet 
of freedom, and its position will therefore be determined by sia 
ident coordinates. The velocities of each solid can hi 
i in terms of these generalised coordinates and their tino* 
fluxes by means of the ordinary methods of Rigid Dynamics, anc 
the kinetic enei^y of the liquid will therefore be espreasihle as t 
homogeneous quadratic function of the generalised velocities oi 
the solids. The coefficients of the velocities will be functions oi 
the generalised coordinates, and of quantities which determine thi 
form and dimensions of the solids. Their values cannot be foooi 
without a knowledge of the velocity potential of the liquid, a&( 
they havQ been determined only in a few cases. 
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The kinetic energy ®' of the solids can be found by the usual 
methods, hence if T be the kinetic energy of the solids and liquid, 
r = 3E + ®' (4), 

from which it is evident that 5" is a homogeneous quadratic func- 
tion of the velocities of the soKds. 

164. Since the coordinates of individual particles of liquid do 
not enter into the expression for the kinetic energy, it will be ne- 
cessary to establish the legitimacy of the employment of Lt^range's 
equations in the present case. The application of these equations 
is a particular case of the theory of Ignoration of Coordinates. 

Let the position of a dynamical system be determined by 
means of a system of coordinates ^,, ^, .... j^,, Xi ■•■ '• ^'^^ ^^^ ^^ 
suppose that the coordinates y^ do nob enter into the expression 
for the potential and kinetic energies. Since 

0.% dx 

Lagrange's equation corresponding to ^ *"^ ^ 

dt d-jt "' 

whence -^=const. = « (5). 

The constant k is the generalised component of momentum 
corresponding to jj;; and there will be as many equations of the 
type (5) as there are coordinates p^. Now whatever the motion of 
the system at any particular period may be, it can evidently be 
produced instantaneously firom rest by the application of a system 
of impulsive forces, which must be equivalent to the momentum of 
the system at the particular period. If however the motion of the 
system is such that it could always be produced from rest or 
destroyed, without the application of the impulse components 
corresponding to ■^, — in other words if the velocities ^ could be 
produced or destroyed solely by means of impulsive forces arising 
from the connections of the system, — all the constants k will be 
zero, and (5) becomes 

I- *^> 

By means of (G) all the velocities pj; can bo eliminated from T\ 
B. 11 
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if T denote the result of this elimination, then since 6 and € 
enter into T through jj;, we have 

dB dd dx, dl d^de 

de' 

by (6). Similarly 

d/F' _dT 

dd de ■ * 

™ . ddT dT ddT dT dV I 

1 hereiore r — - — — — — ; = , 

dt de dd dt de de de < 

which shows that when « = 0, we may employ the modified funo* 
tion 7* from which the y^'s have been eliminated in foimiag 
Lagrange's equations. 

Now if the dynamical system consists of a number of moving 
solids together with the liquid in which they are immersed, and 
which either extends to infinity or is hounded by fixed sohds ; and 
if the motion of the liquid is solely due to that of the soUdi 
moving about in it, we have shown in §§ 85 and 89 that iU 
motion will be acyclic and irrotational, and that it could be 
instantaneously produced or destroyed by means of a propM 
system of impulsive forces applied to the solids and boundariea 
alone : also since neither the kinetic nor potential energy contaioa 
the coordinates of individual particles of liquid, the preceding 
investigation shows that the equations of motion may be obtainec) 
by forming Lagrange's equations by means of the expression £ot 
T given by (4), which contains the coordinates and velocities of thfl 
solids alone. 

If the momenta k are not zero, Lagrange's equations in theil 
ordinary form cannot be employed. The modified function wbicfa 
must be used in this case will be determined in § 173, 

165. The system of impulsive forces which must be applied td 
the solids to produce the actual motion at any period, when com- 
pounded into a single force and a couple about the line of action 
of the force, is called by Sir W. Thomson the " Impulse of thfl 
Motion." 

If ail the solids are free and the liquid extends to infinity and 
is at rest there, the Impulse of the Motion is equal to the momentuia 
of the system ; and if no impressed forces are in action, it must bt 



HAMILTONIAN TEANSFORMATION. 



163 



constant m magnitude and direction throughout the motion. But 
if the hquid has fixed boundarief, the impulse of the motion is 
equal to the difference between the momentum of the system, and 
the impulsive forces arising from the pressures exerted by the fixed 
boundaries. 

When there ia circulation and the liquid extends to infinity 
and is at rest there, the impulse of the motion is equal to the 
impulse of the forces which must be applied to the solids, together 
with the impulses which must be applied to the barriers in order 
to produce the cyclic motion. 

166. Let p be th6j)ressure of the liquid, l^, m^, m, the direction 
cosines of the normal to jS,; |,, jj,, f,; X^, ^p v^ the force and 
couple constituents of the impulse which must be applied to iS,, 
in order to produce the actual motion from rest, then, 

<m 



Bat 



Similarly 



= («iWi) M, + (",",) f, ■ 



.//- 



#,' 



dS,. 






..('). 



Since 2" is a homogeneous quadratic function of the velocities 
of the solid». 



= «.?. + v,'7. + - 



Diiferoutiating with respect to f, 
tl are the independent variables. 

Writing out (7) in full, we obtain 



a the hypothesis that ^,, 
3 obtain 



r 
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Differentiating these equations with respect to f,, on the 
supposition that f^, 77, are the independent variables, we 

obtain 

i=w+(»,.',)ijf; + (»,»,) 3i;. 



=<«,",) 



■if, 



"df.' 



sc. &c. 



»-{.J 



Multiplying these equations by w,, v,, . . respectively and adding, 
e obtain 

31;="" ax."''-*" (*■ 

Equations (7) and (8) are well-known dynamical relations. 



Whence 



KirclUioff's Equations. 

167. When a single solid moves in an infinite liquid, the 
equations of motion may be obtained, as Kircbhoff has shown', by 
expressing in an analytical form the fact that the rates of change 
of the component linear and angular momenta of the system along 
and about three rectangular axes fixed in the solid are respectively 
equal to the components of the impressed forces and couples along 
and about these axes. 

Since we are dealing with a single solid we may drop the 
auflSxes and put w,, Mj, oj^ for the angular velocities of the 
solid. 

If 1^1 '7. ? be the component hnear momenta along, and X., (jl, v 
be the component angular momenta about three rectangular axes 
which are moving with angular velocities fl,, 8^, 9^ about them- 
selves, of any dynamical system whatever ; and if X, Y, Z and 
L, M, N be the components parallel to and about the axes of the 
forces and couples respectively which act upon the system, it i 
known* that the equations of motion of the system are 




VorUi, flfer Math. Phyi. p. 60, 
Hayward, TiaTKr. Camb. I'hil. Soc. vol. j 



•,e also Beaaut'a Dijiiamict, % 
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-r^, + f^,= 7 



..(9), 



/i - m5'+ w| - v^, + xe^ = M 

where u, v, w are the component voiocitiea parallel to the axes, of 
the origin of coordinatca. 

Since these equations are true for any dynamical system 
whatever, they will hold when the motion of the liquid in which 
the solid is immersed is cyclic or rotational or both ; but the 
analytical expressions for the momenta f, t], &c. will depend upon 
the particular kind of motion of the liquid. 

When the motion of the liquid ia iirotational and acyclic, 
the momenta are determined by (7); also if the motion ia 
referred to the principal axes of the solid ^, = ro^, B^ = o),, 5, = m,, 
and the equations of motion become 

dt du ' dv " dw 



d dT 


dT dT 


r 




dtdv 


^ dw ' flw 




ddT 
dtdw' 


dT dT 


z 




d dT 


dT dT 


dT^ 


dT 


dtda^ 


"' dv ' " dw 


awj 


•d^. 


d dT 


dT dT 


dT ^ 


dT 


dtda. 


-»*. + "" d.-' 


"■^». + " 


'•di, 


d dT 


dT dT 


dT^ 


dT 


S~d^,' 


"<i» +"*;■"" 


•di, + - 


•da. 



..(10). 



These are Kirchboff's equations of motion for a single solid 
moving in an infinite liquid. 



168, We must now express the velocities in terms of the six 
coordinates, which determine the position of the solid. 

Let X, y, z "be the coordinates of the centre of inertia of 
the solid referred to three fixed rectangular axes. Through 
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draw OX, OY, OZ parallel to the fixed axes, and let OA, OB, 
be the principal axes of the solid at 0. 




The angular velocities are given by the equations (Routl 

Rigid Dynamics, vol. i. § 25G) j 

6), = ^ sin ^ — 1^ sin 6 cos ^ \ 

w, = ^cos0 + a/t sin fl sin } (^l)j 

(Bj = + i|f cos 6 i 

Also the component velocity of in the direction of OD is 
u cos — u sin = (ic cos i^ + y sin i/r) cos ^ — i sin $, 
and in the direction of OE is 

M sin + « cos = — iS sin 1^ + 1} cos if". 

that w is the compone 
obtain 



Solving these equations, and 
velocity of in the direction of OC, 

u = x (cos 6 cos ff> cos -"Ir — sin sin -yfr) 

+ y (cos 6 cos sin ^ + sin cos \^) - i sin ^ cos 
u = — a; (cos fl sin cos ^ + cos sin ^) 

— y (cos 5 sin sin ili" — cos cos ^) + i sin 6 sin 
v) = itsaid cos ilr + y sin ^ sini/r + 2 cos ^ 



(laX 



169. The preceding equations may be considerably siniplij 
in the case of a solid of revolution. 

Let 00 be the axis of revolution, OX, OY, OZ three straw 
lines parallel U> axes fixed in space, let w be the velocity of 
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aloDg 00, u, V the velocities at right angles to OG in and perpen- 
dicular to the plane ZOO. Then 

u = x cos 1^ cos ^ + ?^ ain i/r eos ^ — i sin fl i 

V = — « sin ifr + 1/ cos -^ \ (13). 

w = i- cos ^ sin 5 + j sin ^ sin ^ + i cos ] 




Also ii'tu,, £0,, Wj be the angular velocities about OA, OB, 00 

a.. = -^sini9, w^ = il, w, = + i/rcos^ (14), 

where the plane GOE is fixed in the body. 

The velocities of each of the solids can be expressed in a 
similar manner by means of equations (11) and (12), or (13) and 
(14) ; hence if we can obtain the values of the coefEcientfl in terms 
of the coordinates, the motion can be completely determined. 



Cyclic Motion. 

170. We must now consider the more general problem of the 
motion of any number of solids, each one of which has several 
apertures through which circulation takes place'. 

The following additional notation will be employed. Let 
= velocity potential of the whole motion. 
^ = do. due to motion of solids alone. 
11= do, due to cyclic motion. 

1 Prue. Ctiiiib. Fhil. Sac. vol. vi, p. 117, 
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^«'i </'™"> 0„"'; Xn' Xt»"' X™'"' ^^^ velocity potentials of the liquid, 
when the solid S^ is moving with linear and angular velocities 
respectively along and about axes fixed in S^, and all the other 
solids are at rest and there is no circulation. 

ff„, trj, <*■«"■■■ tbe areas of the apertures of S^. 

*ni *»■'> *„"■■■ the circulations through them. 

"mi "■„,'> '">»"■■■ t^^ velocity potentials due to unit circulations 
through the apertures oi S^, when all the solids are at rest. 

"^r,' V'fB'i "^o."'" the fluxes through the apertures of 8„ 
relative to S^. 

fl>„ the velocity potential due to the motion of S„ aud the 
circulations through its apertures, when all the other solids are 
at rest. 

By Thomson's extension of Green's Theorem, it is known that J 

the motion at any period could be instantaneously produced from 1 

rest, by the application of suitable impulses to each of the solids, S 
together with uniform impulsive pressures k^, ic'„p ... applied to 
every point of the barriers a^, ct„'... respectively. Let JT^, 3'„,^„; | 

L^, M„, N„ be the force and couple components of the impulse 
along and about axes fised in S^, which must be applied to S^. 

Let f„, 7j^, £^; \„, fi^, r„; f„', jj„' ... be the components of the 
impulses which must be applied to each of the barriers of S^; also 
let l„=t^„ &c,; X„ = Z„+|„ &c., and let X„, |9„, 5S„; 1L„, j 

^8l„, jBt„ be the generalised components corresponding to m„,u^ ... j 

of the momentum of the cyclic motion, when all the solids are I 

at rest. I 

Let M„ be the mass of S^, % the kinetic energy of the liquid, ' 

T that of the whole motion. It will be shown that T is the 
sum of two homogeneous quadratic functions of the velocities and 
circulations respectively. Let these be denoted by % and S 
respectively, and let J(m„w„), {'i'-^^m) denote the coefficients of 
uj, uji„, &c. 

Since the to's are the velocity potentials due to unit circulations 
round circuits which cut the apertures to which they correspond 
once only, when alt the solids are at rest, they must satisfy the 
following conditions, i 

(i) At all points of the liquid V'w = 0, and w and its first I 

derivatives must be finite and continuous at all points of the liquid, J 

^^t and must vanish at infinity. M 
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(ii) At the aurfaee of each sohd doi/dn = 0. 

(iii) (D must he a monocycHc function whose increment is 
unity for all circuits which cut the barrier to which it corresponds 
once only, and zero for all circuits whicli do not cut this barrier. 

It therefore follows that 



and that 



+ P.X" +?™X^ +r«.X^ +": 



= S*„. = '^ + n. 



171. The kinetic energy of the liquid is 

where the first integral is taken over the surfaces of all the solids, 
and the second over all the barriers. Since d^Jdn at the surface 
of S^ is equal to the normal velocity of jS„, and is zero at the 
surfaces of each of the other solids, 



-i^//*(f 



. <!*, 



dS, + . 



H^jjti'.^.^ 



We can now show that 
' a/ti 

'^■* 

an 






2 («,«,) = 
2 («,«,) = 



^//".f 



•-dS, 



r«^ 



■//f^- 



('.".''WJ^' 



2KO-p//¥^.-./f£<^.-2,//^^, 



...(16). 



The above equations can be at once established by Thomson's 
extension of Green's Theorem, For if in equations (25) and (26) 



r 
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of § 8S, we put = w,, ■\lr = <p^', then since w, is a monocyclic 
function whose increment is unity for all circuits which cut the 
barrier ct, once, an(3 zero for all other circuits, and 0,' is a single 
valued fuuction, we obtain 

Now d<f)j/dn is zero at the surfaces of all the solids except S,, 
and dasjdn ia zero at the surfaces of all the eoHds, whence the 
third of equations (16) follows at once. The others can be proved 
in a similar manner ; hence the products of velocities and circu- 
lations do not enter into the expressions for the kinetic energy of 
the system, and we may therefore put 

where 3! is a homogeneous quadratic function of the velocities of 
the solids alone, and it is a similar function of the circulations. 

172. If p be the, pressure and l^, m,, K, the direction cosines 
of the normal to S^, 

f^u^+jjpl^dS, 



^,= 



=".«.-.//**<;«.. 



p//w 



; + ,*" + ....)*'. 



an 

where the summation refers to corresponding products, and ex- 
tends to all the barriers; hence 

Also f, = K,pj)ijd<7, &C. &c. 

where Z,, m,, )i, are the direction cosines of the norma! to the 
barrier o- ; whence 



p//*f^''.+^//"1^''^. 







I, -sf,-p//^, <'«<'). 



■-f,+f,- 



^-^Iffs("^')+f w 
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where the summation S, extends to the barriers of S^ only ; also 

dii. 

From (17) we see that tlie component impulse corresponding to 
Up which must be applied to iS, in order to keep it at rest, when 
the cyclic motion is generated by the application of proper impulses 
to the barriers of all the solids is — p 1 1 d0,7dn . 2 (wdtr) ; and 
therefore by {18) the generalised component of momentum 3i, cor- 
responding to w, of the cyclic motion when all the solids are reduced 
to rest, is 



dT 
phence Z,= ,-+3c, (20). 

Similarly it can be shown that 



..(21), 
..(22). 



where %,.\- p jj'^S.i.cd,,), 

and \, = SX^ = p// S, [k [ny—mz] du] 

173. We must now obtain an expression for the modified 
Lagrangian function. 

Let the coordinates of a dynamical system be divided into two 
groups & and x< '•^^ latter of which does not enter into the 
expression for the energy of the system. Since the kinetic energy 
is a homogeneous quadratic function of the velocities 6 ... %..., 
we may put 

2r.(98)fl+2(9«,)()(l,+ ...2(9pt)ex + -.(M)f+2(M.to,+ -.-(23)- 
In this expression none of the coefficients involve ■)(^, and 
Lagrange's equation corresponding to ;;^, gives 

-,— = const. = K, &c 
dx 

where « is the generalised component of momentum corresponding 
to ^ ; writing these equations out in full, we obtain 

" =(^X) ff + {&.%) ^, + ixx) t +(XXi) %x H 

'^. = (^Xi)^+(^J£i)^.+ (XX,)3£+(X:X.)?£,+ \ (24), 
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the number of equations being equal to tile number of the co- 
ordinates X- 

Let P, P be the portions of le, k, which do not 

involve the ^'a, then P, P, are linear functions of the ^'s 

alone, and (24) may be written 

bod X + (XX.'I X, + = '--P] 



If A denote the detenniuant 

(xx). (XX,), (xxA 

i „ («,). (xxA (x,xd, 

to.). (XiX.). (x,x,). 



the solution of (25) may be written 
IJA 

'iHxx)' 



^«=S 



^x,- 



' ■*(«,) 



P)^ 



dA 
%,X.) 



(','P,)+- 



If therefore we put 

1 da 
(««) = 



1 dA 

'■'"A-ita,)^ 



&c. 



■ m. 



aSta)' 

2>l! = (««)P' + 2(«,JPP,+ 
2E =(««)«' + 2 (««>«, + .„ 
(26) may be written 

Let 2E be the portion of T which is independent of ^ ; then, 
since 7" is a homogeneous quadratic function of the velocities, 
dT AdT iT , 

ds de, " d^, 
'? + «,'^ + 

+ ilW->i + i.Sx,)x, + 1 

+ i,{(^x)x*(^,x,)x, + 1 + 

+ 3i:« + *,«, + 

23!; + {,+P)t + {',+F,)x, + 

dX_ d^\ 
d, ' dPl ■ 



23'. 



i-j:,tt + - 

iX, 




= 2a + 2fi- 



'1.% + tlp 
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Writing out the last term in full, it is easily seen from (27) 
that it vanishes ; and therefore since $ is a homogeneous quadratic 
fiinotion of the velocities 8 alone, it follows that T is equal to the 
sum of a homogeneous quadratic function of the velocities 6, 
together with a similar function of the momenta k. We may 
therefore put 

T=Z + S: (29), 

where X = '^-^ (30). 

Let be the generalised component of naomentum correspond- 
ing to 0, and let & be the value of after the velocities 9 have 
been destroyed by means of proper impulses applied to the system. 
The momenta k will evidently be unaffected by these impulses, 
but the velocities j^ will be affected, since the impulse required to 
destroy 6 will produce reactions arising from the connections of 
the system which will change the values of the ;^'s. Now 

-T6*^"''Kdlc-dF) + 

whence ® "(^z)^^ +(l'j:,>^+ (31). 

and therefore dS' d6 '^' dP 

-^j-S ^<^d§ 
~ di ~d6dP 

-i+« <^^)- 

whence ddT^diZ dS 

It appears from (31) that the momentum W is a function of 
the momenta k and the coordinates only. 
dT dX dSt 



Now since 9 enters into Jt through k, we have 
dSt^d^dK dSdK, bff 
~d0~dK d8 dK, de d0' 



r 
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where the symbol tildB operates on the coefficients and not on 
the momenta k. Differentiating (26) with respect to 6, we obtain 
_ , .(die dP\ . .(d-K, dP,\ 

+ C« - -P) ^ (*«) + (*,- -P.) ^K) + (34). 

Multiplying the system of equations of which (34) is the type 
by K, a:,... respectively and adding, we obtain 
dStdx d^ dK, 

dxdS'^di^^'de'^ 

_d^dP _d&dP^_ 
dK dd dK^ dd 

^^Z'^i^-^M.—" <-'■ 

Multiplying the equations of which (31) is the type by 8, 6^,.. 
respectively and adding, we obtain 






^ 



, dT dX m t ^ ,a:t. 

We may now drop the symbol ti/dS on the understanding that 
the momenta k are to be treated as constants, and Lagrange's equa- 
tions become 

d^'^,d&_^,d^_d^^.dV_ 
dtdd dt dB'^de dd"^ '^ dB~^- 

Since and ft' do not contain 6, the modified function ia 
L = % + t[,%6)-&+V (36). 

If the velocities 6... be expressed in termsof new velocities m..., 
and 3£ be the new momentum corresponding to u after the m's have 
been destroyed, it can easily be shown that, 
S(ge).S(3E«). 
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For let 


e-Au-t 


then 


deidu = A, 


also by (32), 


-{-<!) 


therefore 




S (»,.)= a 


de de 



dd/du^ = A^,&c. 

dT' _41^x 

du dtt ' 



' \ du. 



whence (3(5) may be written 

L = % + t{U)-& + V (37). 

17-i, We have therefore obtained a form of Lagrange's equa- 
tions, which can be employed when the kinetic energy is expressed in 
terms of the velocities corresponding to the coordinates by which 
the position of the system is determined, and the constant momenta 
corresponding to the time fluxes of the ignored coordinates. 
Now by § 89, when a liquid of density p occupies a multiply- 
connected region, circulation k can be generated by means of a 
uniform impulsive pressure Kp applied to every point of one of 
the barriers which must be drawn to make the region simply 
connected, and the circulation thus generated cannot be destroyed 
excepting by the same process as that by which it has been 
produced. It therefore appears that the product of the circulation 
and the density is a quantity in the nature of a generalised com- 
ponent of momentum. 

Hence in order to determine the motion of a number of 
perforated solids in an infinite liquid, we must first calculate by 
means of (16) the quantities % and St ; the former of which is the 
kinetic energy due to the motion of the solids alone, and is 
therefore a homogeneous quadratic function of their velocities, and 
must be expressed in terms of the generalised coordinates and 
velocities of each solid ; and the latter of which is a similar 
function of the circulations. The quantity 3£ in (37) is evidently 
the generalised component corresponding to u, of the momentum 
of the cyclic motion which remains after all the solids have been 
reduced to rest, and its value is given by (19) or (22), according 
as it is in the nature of a force or a couple. 

> tn this tcriii T la supposed to be expressed in terms of the velooitira 



J 
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175. We can now ascertain the physical meaning of the 
generalised velocity ;^ which corresponds to the momentum Kp. 

Let lir, be the flux through the aperture <r, of S', relative to 
8 . Then if I, m , n, be the direction cosines of the normal to a 



= //£-!-'.("' + '.'-'■■!'>- 






-m,(«;,+;),y-9,a;)|rf<T, 



■rfa-,-(M,|^, +11,17, + w,f,+p,\+5,/i,+ r,v,)/*(,p. 






If therefore we put 



we obtain 



-l\i 



+ 1^ 

/J t/K,'" 



Now if r be expressed as a quadratic function of all the 
momenta 

ldT_ . 



But 



du 



= XuiX-X) + 2^ . 



by (20). Hence in order to obtain pj;, we must differentiate (39) 
with respect to «,, on the hypothesis that the momenta X are 
constant, and that m is a function of k, ; whence by (19) and (22), 



2^ = S — ~- 
dit du die 



a,M, + ^iV^ + 7,w, + aj), + 6,2, + c,7-,)p 



([^"^j 



.da 




(*o). I 



APPLICATION TO A SINGLE SOLID. 
From (20) we obtain 



where the summation extends to all the iinsiiffixed letters in- 
cluding v — u^. Multiplying these equations by w,, u,.,. respec- 
tively and adding we obtain 

whence by (38) and (40) ~ = p^,. 

whence X, = ^jr^. 

Hence the flux through the aperture <r, relative to the solid 
iS, is the generalised velocity corresponding to the momentum K^p. 
Thia theorem was discovered by Sir W. Thomson'. 

176. We shall now apply the preceding results to determine 
the motion of a single solid having only one aperture. 

If w, V, w; o),, w,, Q), be the linear and angular velocities of 
the solid, along and about axes hxed in the solid, and H the 
velocity potential due to the circulation 

where K = pjj^d<r. 

Also by (19> and (22) 



X = .pll{l-f^)d.,&c. 



.//(- 



X=^+3E&c (41), 

L = Z + Xu + ]^v-i-S^u + %a,^+M'->, + M'-',-S+ V...{i2). 
' Froc. Roy. Soc. Edin., vol, Tli. p. 668. 



1^ 
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In this case the quantities S ... are evidenUy constiints, and 
we can either obtain the motion by expreaaing u, v... in terms 
of i... by (11) and (12), or by (13) and (I*), and then employing 
Lagrange's equations; or since X, Y... are the components of the 
momentum of the syatem along and about the axes of the solid, 
we may substitute their values in (9) from (41), and thus determine 
the motion by KirchhnfF's eipiations. 



Motion of a Si/ntew of Cylinders. 

177. If we endeavour to calculate the right-hand side of (37), 
in the case of the two-dimensional motion of a number of cylinders 
in an infinite liquid, when there is circulation round some or 
all the cylinders, it will be found that some of the terras become 
infinite. In order to avoid this difficulty, we must describe an 
imaginary fixed circular cylinder in the hquid, the radius of 
whose cross section is a very large quantity c, and then calculate 
the value of L for the space contained between the moving 
cylinders and the outer one, omitting all the terms which vanish 
when c becomes infinite. It will then be found on substituting 
the value of L thus obtained in Lagrange's equations and per- 
forming the differentiations, that all the terms which become 
infinite with c disappear, and we thus obtain the equations of 
motion of the cylinders'. 

178. The calculation of L can most easily be effected by 
employing the current function instead of the velocity potential, 
for the former function is always single valued unless any sources 
OF ainks exist in the liquid. 

Let «|, p, be the component velocities of any cylinder 5, along 
rectangular axes fixed in the cylinder, to, its angular velocity, 
K, tbe circulation round any closed circuit which embraces this 
cylinder once only. 

Let the centre of the cross section of the outer cylinder be 
the origin, and let j;,,y, be the co-ordinates of the centre of inertia 
of the cross section of 5, referred to rectangular a,iies fixed in space; 
x^, yl the co-ordinates of the same point referred to moving axes 
through which are parallel to the directions of «,, r,. Also let 

' Prar. Cnvih, Phil. Sn'-., vol. VI. p. ISiJ. 



^ 
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;^ be the current function, and fi be the velocity potential of the 
cyclic motion when all the cylinders are at rest. 




In the figure let CA, CB be the axes of any o 
along which «,,«, are measured, then 



e of the cylinders 






"[/'ia-*]^ 



where the first integral is to be taken once round the circum- 
feronce of the cross section of the outer cylinder, and the square 
brackets denote that the second integral is to be taken once round 
the circumferences of the cross sections of each of the moving 
cylinders. 

At the surface of eacb of the moving cylinders ■^ is constant, 
hence the second integral vanishes, therefore 



*. = - 



pjx;^^- 



Let ()■', 0') be polar co-ordinates of a point referred to Ox' as 
initial line, then at a sufficient distance from 0, •)( can be expanded 
in a series of the form 



Therefore 
3E, 



— pc I Jmlogc 



= — irp33i 
Similarly 



,//g,.«w-//i^. 



i 
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Again, if ^^ be the angular momentum about C of the cyclic 
motion, 

By Stokes* theorem the double integral 

The first integral = irpc^m, the second integral may be written 



hence 



"hp \r^dD./ds,dsyy 



ia, = Trpc'm^ip [jr'^ds'^ - 7r/> (a,<+ JB.y/) (45). 

Also ^^-Pjx^l^'p[jx'£ds] 

^po\\^de^-pt{Kx). 

The integral 

= /t) f ' |m log c + - (^ cos ^ + J8 sin 6) 

X \m-^{^ cos ^ +3B sin ^)| dd^^irpm^log c. 

Whence it = Trpm' log c + i/>S (i«X) (^®)' 

Hence we finally obtain 
L = Z + 7rpl {^v - 33^) + S i^ay) 

- TTpm^ log c - |pS (/ex) + F (47). 

If we substitute the preceding expression for L in Lagrange's 
equations and perform the differentiations, it will be found that 
the terms irpc^m in j^, and Trpm* log c disappear ; we may therefore 
write 

X = 3; + TT/oS {^v - i3u) + S (B^co)-\pt {kx) + V (48). 
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179. The quantity 3^ which ddes not depend on the cyclic 
motion, can be obtained by the ordinary methods. With respect 
to the other terms we must first obtain the values of x stnd ft ; 
we must then draw from a series of lines parallel to the 
directions of u^, u^..., and take each of these lines successively 
as the initial line, and expand ;^ in a series of the form 

X = -mlogr (13 cos ^ + 38 sin ^)- ... 

which will determine the values of the ^'s and 33*s. 

The velocities % v and the co-ordinates a?', y' expressed in terms 
of X, 3/, the co-ordinates of G referred to fixed axes, and the angle 
6 which GA makes with Ox, are given by the equations 

w = a? cos ^ + y sin ^, v= — x^m 6 •¥ if cob 6) 

x' = xcos6-\- y Bind, y' = — xsin 6 -{-y cobB} ^ 

When there are several cylinders, the value of % at the surfaces 
of the different cylinders is a function of their forms and positions, 
and is therefore a function of the co-ordinates; when there is 
only one cylinder the value of % at its surface is an absolute 
constant. 



CHAPTER IX. 



ON THE MOTION OF A SiNOLK SOLID IN AN INFINITl 
LIQUID. 



180. When a single solid is moving in an infinite liquid 
whose motion is irrotational and acyclic, the kinetic energy of the 
solid and liquid ia a homogeneous quadratic function of the com- 
ponent velocities of the solid alone, and is therefore of the form ; 
ST = Pw' + Qv" + Ew' + 2Fvv> + ^Q'wu + 2B'uv 
+ 4 0),' + Bo>^' +Cto,' + 2A'<w,w, + 2B'w,w, + 2Ct.>,. 

+ 2(1), (L'u + M'v + N'w) 

■\-2<.y^{L"u + M"v-\-N"w) (1), 

where u,v,w\ ta^,a>^,<o^ are the component linear and angular 
velocities of the solid. 

If the motion is referred to the principal axes of the solid, the 
quantities P, Q, R are called the effective inertias of the solid 
parallel to the axes; and the quantitiea A, B, G are called the 
effective moments of inertia about the axes. Their values are 
determined by the equations 

P= Jf- p//*,irfS &c. &c. 1 - 

^=/,-/>//x,C«i/-m2)d5'&c.&c.J *^ 

where M ia the mass of the solid, I^ its moment of inertia about 
the axis of x, and 0,.--, Xi-" ^^'*' constituents of the velocity 
potential. 

The other coefficients depend solely upon the form of the 
solid and the density of the liquid ; their values are given by 
§ 162.. (3). 
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181. When the form of the solid resembles that of an ellipsoid, 
which is symmetrical with respect to three perpendicular planes 
through its centre of inertia, and the motion is referred to the 
principal axes of the solid at that point, the kinetic energy must 
remain unchanged when the direction of any one of the component 
velocities is reversed ; hence the kinetic energy cannot contain 
any of the products of the velocities, and must therefore be of the 
form ; 

rr^Pa^ + Qv^ + Ew' + Am^+Ba^ + CtD^' (3). 

If in addition, the solid is one of revolution about the axis of s, 
the kinetic energy will not be altered if u is changed into u, and 
w, into Q>j, whence P = Q, A = B, and 

27 - P (u" + v") +Rw'^A (m,' + o,;) + C<o^' (i). 

Although every solid of revolution must he symmetrical with 
respect to all planes through its axis, it is not necessarily sym- 
metrical with respect to a plane perpendicular to its axis. The 
solid formed by the revolution of a cardioid about its axis is an 
example of such a solid. In this case the kinetic energy will be 
unaltered when the signs of u, v or o, are changed, and also when 
M is changed into v and m^ into w^; hence in this case 
27'=P(«» + w°) + iiM^+^K'-l-0-l-C«3' + 2/Vw {«,+ «,). ..(5). 

If the solid moves with its axis in one plane, {say zx), v and m, 
must be zero, and the last term may be got rid of by moving the 
origin to a point on the axis of z whose distance from the origin 
is —NjR. This point is called the Centre of Reaction. 

We shall now consider some special cases. 



Motion of a Sphere. 

182. Let a sphere of radius a, density o-, and mass J/ be pro- 
jected with velocity Y in an infinite liquid of density p ; and let 
the sphere be acted upon by a constant force Z perpendicular to 
the initial direction of projection. 

Let the axis of a; be in the direction of projection, and that of « 
in the direction of the force, then 

^ = - i -^ {\ix -I- wz) 

2T-P(u' + w% 
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where 


P = M~pSftf>ldS 




= AI + -n-pa"!' cos'e sin SdO 




= m+im; 


where M' is the mass of the liquid displaced. Therefore 




1iT=(M + ^M')(_x'+^) 


and Lagrange' 


equations give 




ddT ddT . 
Mdi'"' dt'di-''- 


Integrating we 


obtain 




(J/ + J.l/>-oonat.(J/+iJ/') y 


whence 


'-V (6 


and 


(M+U!')i-Zt 


hence 


(M^\M-)z = \Zf (7 



Since x remains constant and equal to its initial value, it 
follows that if a sphere which is acted upon by no forces, is pro- 
jected in any direction with given velocity, it will continue to 
move along that direction with the velocity of projection. The 
same result can also be shown to be true in the case of any solid 
which is symmetrical about an axis, and which is projected 
parallel to that axis. This however ia altogether contrary to ex- 
perience, and. tlie reason of this discrepancy between theory and 
observation is, fhat we have assumed the liquid to be frictionless, 
whereas all liquids with" which we are acquainted are more or less 
viscous. The viscosity gives rise to a retarding force by which the 
solid and liquid are gradually reduced to rest, and the kinetic 
energy is converted into heat. 

The motion of a sphere in a viscous liquid will be considered in 
the second volume. 

Equation (7) shows that the only effect of the liquid is to pro- 
duce an apparent increase in the inertia of the sphere, whose 
amount is equal to half the niass of the hquid displaced. 

When the sphere is moving under the action of gravitv 
Z = {M-M)(j\ therefore 
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Hence the sphere will describe a parabola in the liquid with 
vertical acceleration g{a — p)/{a- + Ip) '. 

183. In the preceding investigation we have assumed that the 
liquid always remains in contact with the sphere ; but it may 
happen that the pressure becomea negative at some point of the 
sphere, in which case a hollow would be formed in the liquid. 

If the sphere is moving with constant velocity F in a straight 
line, 

also since the origin to which is referred is in motion with 
velocity V, 

p p dec " 

.S+F'(Sco,-fl-S) 

where 11 ia the pressure at infinity. Hence if 

n<jFV,- 

p will become negative when & lies between a and tt — a, where 
a < ^TT, and a belt of Hquid will be thrown off and violently dis- 
turbed motion will ensue. For a discussion of the subsequent 
motion, see a paper by Sir W. Thomson, Phil. Mag., March, 1887. 

184. A sphere of radius a and mass M is contained vnthin a 
fixed concentric sphere of radius c, and the intervening space is filled 
•with liquid of density p which is initially at rest. If an impulse I 
be applied to the inner sphere, prove that its initial velocity w ia 



lil/+ 


27rpii' 


(c" + 2(1 


T 




ai 


■-0') 




^. 


(^ 


Br\ COS 


e. 






»c.s 
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r = 


a, 


dr' 
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Therefore A = 






H 181 

^H Now if p be the impulsive pressure on inner sphere }> = — ptji, 

^M therefore 

H ilw^I + fH^isoHedS 



1 



c' + sq'i r- 



cus'^siu ffdO 






Motion of a Cylinder. 



185. When a riglit circular cylinder ia projected in an infinite 
liquid which ia at rest, and no forces are in action, it will move 
(as will presently be shown) in a straight line with uniform velocity, 
and the only effect of the liquid will be to produce an apparent 
increase in the inertia of the cylinder, which is eqnal to -the mass of 
the liquid displaced. There ia however an important difference 
between the motion of a cylinder and of a sphere, since the space 
outside a cylinder ia a doubly connected space, and hence circula- 
tion round the cylinder is possible. 

We shall therefore consider the problem in its most general 
aspect'. 

Let a be the radius of the cyhnder, (j-, 6) the polar coordinates 
of any point referred to its centre ; (x, y) the coordinates of the 
same point referred to fixed axes, (a, ^) the coordinates of the 
centre of the cylinder, (u, v) its component velocities referred to 
the fixed axes ; k. the circulation. Then 



- — (u cos ^ + ?) sin 6) + — 

u{x-a) + T{y-^) , 
{x-ar + {y-tir 



-.y-0 



' Lord Eajleigh, " On the irregular fliglil; of a tennis ball," Mei>. Math., vol. y 
p. 14 ; Oreenhill. " Note un pcevioua paper," Mess, Math., vol. ii. p. 113. 
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Now a = U, (3 = 1), 

wlience we easily find 

+ * (it ain e-v cus e) 

2-n-r 
and therefore when r — a 
<p^-a(iico&0 + v sin i9) + w' + u' - 2 (« cos ^ + tf sin (9)' 

'■=©"+ (''!)■■ 

Therefore when r =a 

q'= ."^ ,, + -" (u. sin ^ - u cos f) + m' + v' . 

If gravity be the only force in action, and the axis of y be 
drawn vertically upwards, the pressure is determined by the 
equation 

p 2 ^ ' Stto tra ^ 

— 2 (wcos^+i!sin^)'+5r(/3 + asin^) = cunst. 
Lei Jf, Y be the forces parallel to the axes due to the pressure, 

A' = -j''ap cos edO, Y=~r up sin $({$, 

whence omitting the terms which are independent of 6, and which 
therefore vanish when integrated round the circle, we obtain 

X= ap T'l- {u sin fi --y cos 8)- a(ucose ^-h sin 6) 
J, [ira 

- 2 (m cos + 11 sin dy + ga sin 1 cos 0d0, 

= —Kpv— ira^pu (8). 

Similarly Y = xpu — ■jro'pv + -rrgpa^ (9). 

Hence if a be the density of the cylinder, the equations of 
motion are 
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which by (8) aud (9) become 

(p+^J-i + S'-o 

We draw the following conclusions from (10), 
(i) Let K=0, g = Q. In this case the acceleration vanishes 
and the velocity is constant. Hence if the cylinder is projected 
with any velocity, it will continue to move along the direction of 
projection with this velocity, and the only effect of the liquid will 
be to produce an apparent increase in the inertia of the cylinder 
which is equal to the mass of the liquid displaced. 

(ii) Let K = 0. In this case the horizontal velocity is constant, 

and the cylinder will describe a parabola with vertical acceleration 

g{.r~p);i<r + p). 

(iii) Let </ = : and let the initial velocity be parallel to j/ 

and equal to V. Putting Kpf-n-a' (fi + a) =\, a,nd integrating (10) 

we obtain, 

u = — FainXf, v= Vco^Xt, 

a = VX'' cos U. ff= V X'' sin Xt. 

If therefore the cylinder is projected with velocity V in any 
direction, and no external forces are in action, it will describe a 
circle in the same direction as that of the cyclic motion. 

(iv) When neither g nor k are zero, the integrals of (10) ace 
,. i'-p)!/ 

(<7 + p)?L 



- Fsin Xt, 



- FcoaXf. 



(a- + p)X X X 

and therefore the cylinder describes a trochoid moving from right 
to left with mean velocity (er — p) gjia + p) X. 

186. The preceding results may also he obtained by Lagrange's 
equations ; for with the notation of § 178, 

also if (r', ff) be current coordinates 



X-- 



2Tr 



5((r'cose--«)' + (rmn«'-j,y)^ 



.ccus^' + y sin 8'), 



J 
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Taking for a moment the origin at the centre of the cylinder, 
the value of j3 is 



-i,\\' 



drde 



■whence ^ is constant, ami the value of L is 

/-. = ^Tra' (ar" + y') + Jep {xy - yx), 
whence equations (10) at once follow. 

187. Let us DOW suppose that the cross section of the cylinder 
is any curve, which does not possess cusps projecting into the 
liquid', and that there is no circulation. The kinetic energy will 
be a homogeneous quadratic function of the velocities u, v, w, and 
by changing the directions of the axes we can make the term uv 
disappear. We shall however for simplicity confine ourselves to 
the case in which the cross section is a curve (such as an ellipse), 
which is symmetrical with respect to two perpendicular straight 
lines through its centre of inertia. In this case all the products 
will disappear, and 



2 7'=Ph' + Q)>' + ^w' (11). 

Let the liquid be initially at rest, and let the solid be set in 
motion by means of an impulse F. This impulse is equivalent to 
a linear impulse F applied at the centre of inertia of the cylinder, 
together with a couple about its axis. Let €1 be the initial 
angular velocity due to the couple, ^ the angle which the direction 
of the impulse F makes with the initial direction of u. 

If 9 be the value of this angle at any subsequent time, the 
Principle of Conservation of Linear Momentum gives, 
Pu = Fco&e, Qv^-F sin 8. 

Substituting in (11) we obtain 



f .(<5^i + '}pj + Aff = F-['^+'^ + AH'. 



Ae'=Aa'+F' 



'■(p-g)t™'9-«i»"/3) 



1^ Qreeoliill, " On the motioti of a oylinder throngli a friationleas liquid under n< 
farces," ilea. Math., vol. n. p. 117. 
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Let Q^P\ th™ if 

8 will vanish, and the cylinder will oadllate; but if 



il>F^m^j9^ ^ 



APQ • 
never vanish, and the cylinder will make a complete 



Case I. When the cylinder oscillates, (12) may he written 

^ = 77sin"^-3iQ'a (13) J 

where I = Fj (Q-PyAPQ, I'sin'^- iV^ I's'm'a. 

Equation (13) shows that ^ can never be < a nor >'jr — a through- 
out the motion, hence the axis of least effective inertia (i.e. the 
longest diameter of the cross section) will oscillate between the 
angles a and tt— a. The cylinder will therefore move so that 
its flattest side tends to turn itself towards the direction of 
motion. 



Let 
then (1.1) becomes 



/( = 



= cos a sin 0, 



'i" VC ~ cos" a sin" 0) ' 

and therefore cos ff = cosaBn(.ff' + It) (1*). 

and the period of oscillation k i.ff'/X 

Let {x, y) be the coordinates of the centre of inertia of the 
CT0S9 section referred to fixed axes, then 



These equations show that the centre of inertia of the ( 
section of the cylinder moves along a straight line parallel to the 
direction of F with uniform velocity FjQ, superimposed upon 
which is a variable periodic velocity, and at the same time vibrates 
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perpendicularly to this line. This kind of motion frequently 
occurs in hydrodynamics, and a body moving in such a manner is 
called by Thomson and Tait a Quadrantal Pendulum\ 

Substituting the value of d from (14) in terms of t in (15), and 
integrating, we shall obtain the values of x and y in terms of ^, 
and the equation of the path will be obtained by eliminating t 
from the resulting equations. 

Case II. When the cylinder makes a complete revolution, let 

then it is easily seen that A; < 1, and (12) becomes, 

d = ^(l-i«cos»^)* 

whence cos d==8n(K— It/k\ 

choosing the constant so that vanishes with t Hence the 
solution can be continued as before. 

Case III. This is the limiting case between I. and II. 

Here Ail'^F^f^-- i) sin' /8, 

and therefore ^ = /sin 

It = log tan ^0, 

Therefore J^"^ v ^^^ ^» 

LI . . 

y = -pT sm 0, 

dx F ^ lA , ^ 

d0 = JTf c^sec ^ - -pr sm 0, 

^— pj log tian \0 4- -^ cos 0, 

Putting IA/F= c, and eliminating we obtain the equation of 
the path, viz. 

' Natural Philosophy ^ vol. i. part i. §322. 
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The curves described by the centre of inertia of the cylinder 
in tbe three cases, have been traced by Greenhill and are shown in 
tbe figures 1, 2, 3 of the accompanying diagram. 

If the cylinder is projected parallel to the longest diameter of 
its cross section and be slightly displaced, it appears from (12} that 
ita motion will be the same as that considered in Case III. 

The values of P, Q, A for an elliptic cylinder are. 



=j/(i + t^),«.J/(n 



A=.iMy+ii' + 






whence Q < P. 



r^"^ z™6 (• 



188, If the cross section is a curve such as a cardtoid, which 
is symmetrical with respect to only one straight line through its 
centre of inertia, which we shall take as the direction of w, the 
kinetic energy will he 

and if we transfer the origin to a point on the axis of y whose dis- 
tance from the origin is — L/P, the kinetic energy will be 



and the previo\is results apply. 



2T=Pu^+Qv'+(A~-pj 



Motion, of an Ellijisoid^. 

189. If a solid which is symmetrical with respect to three 
planes through its centre of inertia, which are mutually at right 
angles, is set in motion along one of its principal axes, and there 
are no forces in action, it will continue to move along that direction 
with uniform velocity. Similarly if it be set in rotation about a 
principal axis, it will continue to rotate about that axis with 
uniform angular velocity, provided the solid does not contain any 
apertures through which circulation takes place. 

' Greenhill, "Flaid motion between confooal eUiptio cylinders and confocal 
ellipsoida," Quart. Joum., vol. xti. p. 227. 

B. 13 
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^M Let lis now suppose that the solid ia set in motion by means of 

^M an impulse F, whose direction is inclined at an angle a to the axis 

H OC of the solid. 

If the axis of z coincides with the direction of the impulse, 
and no forces are in action, the component momentum parallel to 
z must he equal to F, and the components parallel to x and y 
must be zero throughout the motion, whence 

^Pu = - F sin C03 <^, 
Qv = F sin e cos ^, 
Ew = Fcosd. 
Substituting these values of u, v, w in (3) we obtain, 

23"= f" {sin-S (^^* + ?2j*) + 5j«} +A^! + £„.■ + C< . . (16). 

The motion is therefore the same as that of a rigid body 
rotating about its centre of inertia, under the action of a sjstem of 
forces whose potential is 




hi 



M 



r. 3" 



190. Let the solid.be moving without rotation along one of its 
principal axes which coincides with the direction of the axis of a, 
and be shghtly disturbed from its state of steady motion. 

Let u — u^ + u be the new velocity parallel to x after disturb- 
ance. In the beginning of the disturbed motion, u', v, &c. are all 
small quantities, and KircbhofTs equations give 

i^ = 0, QiJ = - Pu^w,, Rib = Pu,o: 

Aw^ = 0, Bu>., = {R-F) u^w, Cw, = (P-Q) «„!». 
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The motion will therefore be uostable unless P is greater than 
either Q or M. 

191. The only solid for which the quantities P, Q, R, A, B, G 
have been determined is the ellipsoid. 
From § 180 (2), 

P = M - p ff(f>JdS, 

A=I,~pSJxA^y-mz)dS. 
Hence if we write 

-^'-'"°'"'/„' (.-+x)'(Anc-+xr 

we obtain from § 147 



^£^jjjda>dyd., 



iTT— A 
by § 7 (9), where W is the mass of the liquid displaced. Similarly 
A-I^ = ^M{b^ + c')- pa'JJyM (ny - mz) dS, 
= \M{}? + e) - pa! JJJ iy' - 1^) dxdydz, 

- * r ^^ + "^^ + 47r (6= - (f) + (B- - C) (i' + c^)r 
Since C >S'>A', it followa that R> Q>P, whence in the 
case of the ellipsoid the least axis is the only direction of stable 
motion. 

192. When the motion is such that two of the axes always 
remain in a plane, the equationa of motion can be integrated; for 
if these axes be the directions of u and v, we have w = 0, w, = 0, 
u, = 0, and 

2T = Pu' + Qif + Co>^\ 
the kinetic energy is therefore of the same form as in the case 
of the cylinder considered in § 187. 

13—2 
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Under the same circumstances, when the solid is symmetrical 
with respect to two perpendicular planes through its centre of 
inertia, the kinetic energy is of the form 

27 = Pa' + Qi/" + Ao,^ + 2iuu,, 
which is reducible to the previous form. 



■*^rical 

! of 
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On the Motion of a Solid of Revolution'. 

193. In considering the motion of ^ solid of revolution, it will 
be convenient to discuss the case of a ring through whose aperture 
there is circulation. If in our results we put k = 0, we shall 
obtain the motion of any solid of revolution ring shaped or not 
when there is no circulation. 

Let G be the centre of inertia of a plane curve S, OZ any 
fixed straight line lying in the plane of S, and let Off be per- 
pendicular to OZ. We shall assume 8 to be symmetrical with 
respect to OG, but otherwise it may be of any form, provided 
there are no singular points capable of giving rise to sharp edgea ; 
and the ring will be supposed to be generated by the revolution of 
S about OZ. Then will he the centre of inertia of the ring, OZ 
its axis of unequal moment, which will be called the axis of the 
ring; and the circle described by G will be called the circular axis 
of the ring. 

Let the ring be introduced into an infinite liquid which 
is at rest, and held fixed ; let the circular aperture be closed up 
by means of a plane diaphragm, whose area is <r ; and let cyclic 
irrotatioual motion be generated by applying to every point of this 
diaphragm a uniform impulsive pressure xp, where p is the density 
of the liquid, and then let the diaphragm be removed. 

The velocity potential of this cyclic motion will be 



where O is a monocyclic function whose cyclic constant is unity, 
and K is the circulation, round any closed circuit, which embraces 
the ring once only. 

The resultant momentum of the cycKc motion will be parallel 
1 Ptoc. Cavib. Phil. Soc, vol. yi. p. 47. 
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to the direction of the impulsive pressure on the diaphragm 
equal to SS; and the energy to \Kk^, where 
SE = Kpff - KpJfilndS, 



A\'>^ 



and n is the ^-direction cosine of the normal to the ring drawn 
outwards, and AS an element of its surface. 

If the ring be set in motion, the kinetic energy and momentum 
of the riog and liquid will be determined by the equations 

22' = P0(' + ii') + i?H;= + ^(w; + O + '^«s'+-^«' (17), 

\ = A«„ tL=Am^, p^Cco, } ^ 

Since the liquid is incapable of producing a couple about the 
axis of the ring, w^ = const, = w throughout the motion. 

Hence, if the ring be let go after the cyclic motion has been 
generated, it will remain at rest ; for the only possible motion will 
be in the direction of its axis, and consequently 

2 7"= Rw' + Cw^ + Kk' = its initial value, 
therefore w = 0. 

194, Let the ring be set in motion by means of an impulsive 
couple (? about any diameter OB of its circular axis. 




The axis OC of the ring will evidently move in a fixed plane, 
which is perpendicular to the axis of the couple. Let 9 be the 
inclination of OC to OZ at time t; u.w the velocities of along 
OA and OC. 



1 



i 
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The priuciple of Conservation of Liuear Momentum gives, 
-fBine + ?coa(9 = ®, 
fcoa^ + fsinfl^O, 
whence Pu = — S£>sia6 

iiw = - 5S (1 - 
If i, a: be the velocities of along and perpendicular to OZ, 



■^ 



..(19). 



then 



14 coa ^ + w sii 
IV cos B — u sir 



= z 



R Pi 



Q^COsfl- 



B~ 



^<-y> 



,..(20). 



'~p^"V-fi PJ ii 

Also 2r = PM''+^w' + ^^+^«' = const. 

Substituting the values of m and w from (19) we obtain, 



=f{6) say, 
where w is the initial value of d. 

The character of the motion depends upon 
equationy(^) — 0, which we shall now consider. 

The roots are 



the roots of the 



cos = 



Case I. Leti;>P. 

In order that the roots may be real, we must have 

'*'*^^vzp(irrp)- 

If this condition be satisfied, one root will be positive and ■< 1, 
and the other will he negative and less than — 1. Hence 6 will 
vanish when B has some value ^ lying between and Jtt, and the 
ring will oscillate between the angles y3 and — y3. 




MOTION OF A RING. 199 

But if 0, > ^ \/ aP^-P) 

both roots will be imaginary, and 6 will never vanish. Hence the 
ring will make a complete revolution. 

Case II. Let P>R. 

In this case both roots are real, and one of them is positive and 
< 1 provided © is suflBciently small ; but if &> is sufficiently large 
both roots will be negative and < — 1. In order that one root 
should not be < — 1, it is necessary that 

2SS 

ft) < ; 

Jar 

If this condition be satisfied, the ring will oscillate between the 
angles ^ and — y8, where /8 lies between and ir ; but if 

2SS 

the ring will make a complete revolution. 

195. In order to find the period of oscillation or revolution, 
as the case may be, we must express 6 in terms of t 

Case I R>P. 

(i) Let the roots be real and equal to p and — y, where 

q>\>p>Q, 

Equation (21) may be written 

e* = M " (cos e -p)(coB + q\ 

where ^" = :5s^^"^)- 



T i. ^ 1— D cos* 6 

Let cos = ^r^-n tt > 

!-{■ Jj cos 6 



where D = - — ^ . 

1 +p 



Then d0 = 2V^?i£4#, 

1 + D cos" ^ 

• (cos ^ - p) (cos e + q)= g-^>iL+^5r) (1 _ ^ 3i^. ^)^ 



where A^ = (iZ^Kl^) . 
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Therefore 




Mdt = 


2 d^ 


■ V(l +5)) (1 + 2) Va-*'8in*^)' 


therefore 


^ = am It, 


where 


I=^iM^(l+p)(l + q). 


Therefore 




r» 


../,_! +P-(l-p)cn'/« 



. l+p-i-(l-p)ca'It' 

and the period of a complete oscillation is 4>K/I. 

(ii) Let the roots be imaginary and equal to p±iq. 

Then 6' = M* {(cos 0-py + 3*}. 

J. a l-i> + (l+i>)co8<^ 

^^ ^"^^ = l+i) + (l-i))cos.^ - 

Then d^ = _2v:^#__. 

1 + i) + (1 - X*) cos ^ ' 

and 

{(cos^-^)'+3'} {H-D+ (l-Z>)cos^} = {l-D-|)(H-i))}»+2»(l+Z>)» 
+ 2 cos <^ [(1 -|))» + ^-LI'{(l+pf + g»}] + [{1 + i) _p (1 _ x>) j« 

+ 9» (1 - Dfl cos' ^. 

Hence if IT = <J-I-^)1±3* 

nence, 11 ^ ^j ^^^, ^ ^, , 

the coefficient of cos j> will vanish ; substituting this value of D, 
we obtain, 

dd 1 d4> 

V{(cos e-py + ?'} ~ {(1 + / + qy - 4pf V(l - 1<? sin* ^ ' 

where if = ^ [l + ^^^^^^^^^ il • 

2L {(l+/ + 5«)«-4/}»J 

Hence = am I't, 

where 7' = if {(1 + jp" + g")" - 4/}* ; 

and we finally obtain 

**''*^-t(l+p)' + 3»} -l+cn/'f' 
and the time of a complete revolution is ^KjF. 
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Case II. P>R. 

In this case both roots are real, and one root is always negative 
and numerically greater than unity. 

(i) Let the roots be p and —9, where q>l>p>0. The 
transformation is the same as in Case I. sub-case (i). 

(ii) Let the roots be — p and — 5, where q>l>p>0. 
Then ^ = ilf' (cos 0-{-p) (cos 6 + 9), 

where Jlf " = -^^ (P- R). 

In this case we employ the same transformation, but must put 

\-p 

» -P(g-l) ^ (g-l)(l-j>) 

*-H-? + i)(g-l) 2(^-p) • 
(iii) Let the roots be — |) and — g, where g>|) > 1. 

w * X z3 1 - -^ sin" <^ 

We must put cos 6 = ■= y. . « T , 

^ 1 + i) sm* <f) 

where D = —- — r , 

7^_ (P"l)(g"l) 
(p + l)(g+l)- 

In order to obtain the path described by the centre of inertia 
of the ring, we must substitute the value of 6 in terms of t in 
(20), and integrate the result. 

We can however ascertain the character of the motion of 
without integrating (20). For diflferentiating (21) we obtain 

^^ = -~sin<?-SS^(-^--J)sin5cosft 
Therefore i» = 7=- , 

and a? = =. (^ — cd). 

Also the value of i may be written 

i = f -r5S(;^-^)cos*^ + Jcos^l. 



9 = 1 
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The terra in square brackets has ita greatest value when = 0. 
ID which case e = 0; hence i can never become negative. The 
motion of is such that moves along the initial direction of the 
axis of the ring with a uniform velocity, superimpoBed upon which 
ia a variable periodic velocity; and at the same time vibrates 
perpendicularly to thia line. 

196. Since the momentum due to the circulation alone is 
always perpendicular to the plane of the ring, it follows that if a 
ring initially at rest be set in motion by means of a couple about a 
diameter, the direction of thia momentum will be changed ; and 
the opposition which the liquid exerts against this action on the 
part of the ring, will produce a couple tending to oppose the rotation 
of the ring. Also, since the impressed couple can produce no effect 
on the linear momentum of the system, it follows that the effect of 
changing the direction of the momentum due to the circulation, 
will be to cause the ring to move with a velocity of translation, 
which gives rise to a linear component of momentum of the whole 
system, such that the resultant of the latter and jS (whose direction 
has been changed) must be a momentum equal to ^, and whose 
direction coincides with the original direction of jS- 

197. We shall now investigate the stability of the motion of a 
ring, which is moving parallel to its axis in the direction of the 
cyclic motion. 

When the motion ia steady 

^=Ew+ SS =con8t. = 7, 
V = Cai^ = const. — CO., 

In order to obtain the disturbed motion, we must have recourse 
to Kirchhoff's equations of motion ; we shall also suppose that the 
co-ordinate axes are fixed in the ring. 

Putting for shortness 

the equations of disturbed motion are, 

Pu - PD.V + 7w, = 0, 

Pv - 7w, + Pilu = 0, 

^a., + Zi>-i-(C-a)Il£<., = 0, 
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Putting M = w'e^, &c the equation for determining p is, 






Pp -pn •/ 
Pn Pp -1 

Z Ap {C-A)n 
-Z -{C-A)n Ap 


-0, 





A-p-p'+P[2ZAy+l{C-Ay + A']Pn-]p' + {P(C-A){r+Zy\'=<i. 
If Zy is positive both values of p' are real and negative, and 
the motion will be stable ; but if Zy be negative, the motion will 
be unstable unless 

iAZy 



~ PUC-Ay + A'}' 

If n = the roots a 

/Zy 
' AP' 



i-*''Ji 



and the criterion depends altogether on the sign of Zf. Now 
^7 = y — JVw. 
(i) Hence if k and w are both positive, y will be positive and 
27 > \l n>p, 
but if iJ < P, Z'f will not be positive unless 
5S>(P-i;)w. 

(ii) If « is positive and w negative = — w', 7 = jS — -Hm"'; 
hence if SS > iJw', then ^7 > ; but if jS <■ fiw', ^7 will not be 
positive unless 

{R-P)w>%, 

which requires that R> P. 

(iii) If « — and £i is not zero, 

Zy = R(R-P) w\ 
Hence H It> P the motion will be stable ; but H E< P the 
motion will be unstable unless 

2AEiP-B) 



n>u' 



^: 



4 



PHO-Af + A-]- 

1!)8. Another kind of steady motion may be obtained by setting 
the ring in motion by means of a couple G about a diameter of its 
circular axis, and at the same time applying an impulse jS in the 
opposite direction to that of the cyclic motion. 
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The effect of the latter impulse is to destroy the linear 
momentum of the system, hence 

Therefore te = 0, w = —-r^ . 

Kirchhoff's 5th equation gives 

/Lt = const. = G = ^^. 

The motion of the ring is such that its centre of inertia (9, 
describes a circle about a fixed axis parallel to the axis of the 
couple, through which the plane of the ring always passes. If r 
be the distance of from this axis, 

SS A Gr 

therefore r = -^tt • 

In order to determine the stability, we must put 
^ = Pu, 7j=Pv, ^ = Bw, 

\ = A(o^, fi = G + Aa)^y i/ = 0, 

SS^ G^ 

in Kirchhoff's equations of motion, where the quantities u, v, &c., 
on the right-hand sides of these equations, are small quantities in 
the beginning of the disturbed motion. Also, if the axes are fixed 
in the ring, 

and the equations of disturbed motion are 

jj . RG ^ 
A 

Pi = 0, 

Bw J- w = 0, 

A 

A' ^^5S . 

AtD^ ^ U = \J, 
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From the first and third equations we obtain 
(Gt , 



"(?-). 



Rw 



f const. 



f const. 



The fifth equation gives 

^w' . (Gt , 
o,. = -g-sin(^+ = 

The second and fourth give 

V = const., 

p% , 

These equations show that the motion is stable for ail displace- 
ments which do not tend to remove the centre of inertia from the 
plane of its motion ; but the motion is unstable for all displacements 
which tend to produce this effect. If the disturbance is such that 
w = 0, the disturbed motion will still be stable, but the axis of 
rotation will be shifted through a certain angle. 

199. A third kind of steady motion, which is helicoidal, is 
obtained by first communicating to the ring an arbitrary angular 
velocity fi about its axis; secondly by applying an impulsive 
couple G about an axis inclined at an arbitrary angle a to the axis 
of the ring ; and thirdly by applying a determinate impulse in the 
plane of the axes of the ring and couple. 

In order that steady motion may be possible, it is necessary 
that V and therefore ij should be zero throughout the motion. This 




condition may be secured by means of an impulsive force wt 
components in the direction of X and Z are — 5S sin a, and F. 
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The equations of momentum are 

(f COB 6 + f sio 6) cos ^ — J) sin -^ = 0, 
(f cos ff + f sin 5} sin ^ 4 1; cos 1^ = 0, 
- f sin + f cos = F+%coaa; 
whence 

f = -(i*'+5Sco8 2)8inff 
,, = 
S'=(-P+jScosa)cosS . 

Since the components of momeDtum parallel to the axes of JT 
and y (which are fixed in direction, but not in position because 
is in motion) are zero throughout the motion, the angular momen- 
tum about OZ is constant, whence 

-^w,sine+ Cncos^=(?+Cnco8a (24). 

The equation of energy gives 

Pu* •\-Rw' + A (ft),' + ^ = consi, 
putting ^ = f + )S cos a, this becomes 

Z'BJp'g [Zco^6-%Y , [C?+gfl(co3tt-cosg)} * 
P "•" R "•" ^sin'f 

+ Aft' = const. =its initial value (25). 

This equation determines the inclination d of the axis. 

200. So far our equations have been perfectly general, we 
shall now introduce the conditions of steady motion. These are 

e = a, ^ = fi. e^d = (26), 

whence (24) becomes 

Afisin'a^G (27). 

Differentiating (25) with respect to (, and using (26) and (27), 
we obtain 

Afi' cos a~ Cnf, + (~ ~p] ^= cosa - ^ = 0...(28). 

In order that steady motion may be possible, we must have 

Cn'>4Z^cos3r(^-^)^cosa-^j (29). 

Hence, it Jt> P steady motion will always be possible, but if 
P> R, steady motion will be impossible unless the condition (29) 
is satisfied. 



STABILITY OF HELICOIDAL MOTION, 
If X, y, z be the co-ordinates of 0, we have 

%\ 

■-B! 



sin a cos fd, 
sin a. sin ^t, 



« = ioco3P — wsmff = z( — p- H p- 1 — — ^— ; 

whence the centre of inertia describes the helix 

!'=-^l^(s-p)""-sl™'' "=""''■ 

This last result may be at once obtained from the fact that the 
impulse of the motion must consiat of wrench about a fixed axis', 

201. To examine the stability differentiate (25) with respect 
to t, we thus obtain 

Hence the motion will he stable or unstable according as/"' (a) 
is positive or negative. 
Now 



/W = i2'(l-A)Bin2^-^ 



R 



GO. 



therefore 

/=/(a) = ^,.'(l+2cos'a) 

Eliminating li by means of (28) we obtain 



B 



A-pV - 4 V + A^-Z \z (-i - 1,) (1 - 3 cos- i) 



2SS 



' An elementftry demonBtration of the reaulta of this artiele when there ix 
ua circulation, has been given by Greenhill ; Quarl. Jour., vol. ivn. p. 86. 
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The condition that p' should be positive is easiiy found to be 
that 

should be positive. 

If there is no eircuktiou jE = 0, Z = F, whence the condition 
becomes 

*"(^-p)(9cos'.-:)>0, 

which requires that a should lie between cos"' >^ aud 0, or between 
TT — cos"' ^ and tt. 

The azimuthal motion of a solid of revolution when there is no 
circulation, has been worked out by Prof Greenhill in the Quart. 
Jour., vol. XVI. pp. 247 — 2.i4; and another investigation by him 
by means of Weierstrass's Functions will be found in the 
Appendix. 



General Motion of a Solid. 

202. Having discussed the preceding special cases of motion 
we shall pass on to discuss certain general theorems relating to 
the motion of a single solid. 

If the form of the solid is similar to that of a two bladed screw 
propeller of a ship, which is symmetrical when turned through two 
right angles about the axis of z, the kinetic energy must be 
unaltered when the signs of u, v, w,, w^ are all changed, whence 

+ 2a),{lM + Mv) + 2a,{L'u + M'v) + 2N"a)^w (30). 

If the solid resembles a four bladed screw propeller which la 
symmetrical when turned through any multiple of a right angle, 
the kinetic energy must be unaltered when —v,u,— &>,, w, are 
written for u, v, w,, Wj respectively, whence 
2T = P («' + v') + Rtd' + A (w,' + ffl,') + Cm," 

+ 2Z (w,w + o>,v) + 2M(co^v - w,ii) + 2iV"o.,«' (31). 

In this expression the term ta^^v — a^u can be got rid of by 
moving the origin along the axis of z. 
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If the solid is symmetrical with respect to itself when the axes 
of !E aod y are turned through any given angle ct in either direction, 
it can be shown that if (1) be transformed by putting 

M = «' cos Q — v sin 9, w, = a>[ cos Q — Wj' sin 8, 

V = ii' sin 5 + v cos d, w., = m,' sin 6 + w,' cos 0, 

the condition that the transformed expression for T should be 

unaltered when d is put equal to a or — o, is that 2* must be of the 

form (31). 

This kind of symmetry is called helicoidal symmetry. 

Let us now suppose that there is another axis situated anywhere, 
with respect to which the solid possesses helicoidal symmetry. 
Since the form of (31) ia not affected by turning the axes of x and y 
through any angle, we may suppose them placed so that the other 
axis of helicoidal symmetry lies in the place xz. Turning the 
axes of X and 3 round that of y through a certain angle (fi, the 
new axis of x will be the axis of helicoidal symmetry, and the 
expression for the energy will he of the form (31) but with the axes 
of X and s interchanged ; whence 
2r = P(a' + i^ + M;=) + ^« + w/ + w,^ 

+ 2L (liw, + iiMj + wtaj (32). 

A solid of this kind is called by Sir W. Thomson an isotropic 
helicoid', 

203. When a solid is set in motion along a given direction, it 
will not in general continue to move along that direction : similarly, 
if the solid be set in rotation about a given axis, it will not in general 
continue to rotate about that axis. We shall however show that 
there are always three directions mutually at right angles, such 
that if the solid is set in motion along any one of them without 
rotation and then left to itself, it will continue to move along this 
direction with uniform velocity. 

When there are no impressed forces, KirchhofTa equations of 
motion, § 167, are satisfied by putting w^ = u, = u, = 0, and u, v, w 
all constant, and 

IdT IdT IdT 



' Proc. Itoij. Soc. Edinbargh. vol. vil, p. 384. See also, Larmor, " On 
Hjdroliiaetic Symmetry," Quail. Journ. vol. xx. p. 261. 
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whence 21" = Pii' +Qi^ + Rvf + 2Fvw + SQ'wju + 2n'uv, 
^^j Pu +Rv + Qw _ Ru +Qv-\-Fw ^ Q'>t + Fv + Rw 
u V w ' 

These equations show that the resultant velocity must 
in the direction of one of the principal axes of the ellipsoid 

P^ + Qf + Ruf' + ^P'yz + 2Q'zx + IRxy = 
which proves the proposition. 

204. It is shown in treatises on Statics that every system of 
forces is reducible to a wrench; that is to say a single force, and 
a couple whose axis coincides with the direction of the force. The 
ratio of the couple to the force is called the pitch of the wrench. 

Similarly the motion of every rigid body is redncihle to a twist 
about a certain screw; that is to say a velocity of translation 
along a certain line which is called the axis of the screw, together 
with a rotation about that axis. The ratio of the linear to the 
angular velocity is called the pitch of the screw. 

If in § 20.3 the axes of coordinates coincide with the three 
directions of permanent translation, the impulse is determined by 
the equations 

du, ' da>, ' 

and therefore consists of a wrench of pitch L/P. 

205. The above motion is not the only permanent steady 
motion of which the solid is capable : for if the velocities and there- 
fore the momenta are constant, Kirchhoffs first three equations 
of motion give 

|_-;_-f_=;. (33), 

and the last three combined with these give 

\ — hu u — kv V — hw , 



..(34). 



Equation (33) expresses the condition that the axes of the screw 
and wrench should be parallel, the condition that they should be 
coincident is 

\Wi — ^11 _ jiM., —1)V_ Vd), — ^W 

which by (33) is equivalent to (34), 
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Hence there exists a simply infinite system of possible steady 
motions, each of which consists of a twist about a certain screw. 

The pitches of the screw and the wrench are in general 
different ; if « be that of the former and k that of the latter 

* " r + V + f"" ~ w/ + w/ + < "^A- 

whence k = h {x — k). 

And the expression for the kinetic energy becomes 

2T = §u + 7]V + ?w + \a>, + ftoj, + CO), 

= (k + k) kto', 

where w is the resultant angular velocity. 

The values of h and k are not independent, for if the three 
directions of permanent translation be chosen for the axes of 
coordiuatea, and we substitute in (33) and (34) the values of ^, ij, ^ 
&c. obtained by putting P', Q' , R' equal to zero, we shall have the 
following system of equations 



(A~k)o,,+ Cra,, + B-co, + (L-h)u + Mv + Kw^ 
&c. &c. 

(L - h) m, + Lm, + L-o>, + Pw = 
&c. &c. 



-..(35). 



Substitiiting the values of u, v, w from the last three equations 
in the first three, it will be found that (35) are of the form 
t,w, + 7'q), + Q'at^ - km^, 

/9'w, + aVj + 7Q.3 = kco^, 
whence k is determined by the equation 
a - k, 7', 

i. a-k, a 
13' . «'. 1-k 

The roots of this equation are all real ; hence to every value of 
h there are three values of k, which are all real ; and the axes 
of the three screws are mutually at right angles but do not in 
general intersect. 

14—2 
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206. We shall now show that when the impulse of the motion 
consists of a couple only, the motion of the solid consists of a 
motion of tranaktion combined with a motion of rotation, which ia 
the same as that of a certain ellipsoid which rolls upon a certain 
moveable plane. 

Taking the axes of permanent translation as the axes of 
coordinates, we have f = t; = £'=0 throughout the motion; hence 
Pu + Zw, + i'w, + L\ = &a &a 
Ata, + O'w, + B'a>3 + Lu + Mv + Jfw = \ &c. &c. 

If we eliminate u, v, w from the last three equations by means 
of the first three, it will be found that 



20 = ^w,= +(! 



The equations of motion are 

X = wjA.-^.^v&c.&c (37).* 

In equations (37) let us change the directions of the j 
which are fixed in the body, so that they coincide with the principal 
axes of the quadric 

l^x' + ®.f + 38^' + 2^ V^ + 2®'2ic + 'i'^'snj = const. 

If this be done, and the equation of the quadric referred to 
these axes ia 

we shall have 

\' = ao),', fi,' = ^w, , v = ycisj, 
and (37) becomes 

aw,' -{0-"y) < oj; - 0, &c. 
whence the motion of rotation is obtained by making the t 
mentioned quadric roll on the plane 

Ti-O! + fii/ + vz = const., 
whose direction is fixed in space (since X, fi, v are constant), with 
an angular velocity proportional to the length 01 of the radios: 
vector drawn from the origin to the point of contact /. 
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EXAMPLES. 

The motion of translation is obtained by making the plane and 
quadric move through spa^e with a velocity whose components are 
given by |^=0, rj — O, ^=0. 

The theorems of the last two articles are taken from a paper 
by Prof. Lamb, Ptoc. Land. Math. Soc. vol. VIIL p. 273. 
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1. Apply Lagrange's equations to determine the equations of 
motion of an anchor ring ; and thence obtain the theorem that the 
flux through the aperture relative to the ring, is the generalized 
velocity corresponding to the product of the circulation and density 
of the liquid. 

2. If A and B be the forces required to act per unit of time, in 
order to generate unit velocity perpendicular and parallel respec- 
tively to the axis of an ellipsoid of revolution in an infinite liquid, 
and if G he the couple required to act per unit of time in order to 
generate unit angular velocity about an equatoreal axis, prove that 
the kinetic energy of the ellipsoid and the liquid is 

i (^m" + Av^ + Bw^ + G«." + ff w,' + C(o^ 
with Euler's notation, C being the polar moment of inertia of the 
solid. 

Express T in terms of Lagrange's coordinates x, y, z, 8,^,-<^\ 
and prove that if the axis of z be parallel to the impressed impulse 
P, then 

a: — —F\-^ — -p) sin fl cos Q cos -^, 

y = — if* I -J — -j; j sin 5 cos 6 sin ■^, 
0^ sin' 6 + C«, cos ^ = S (a constant), 
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3. In the midst of an infinite mass of liquid at rest, is a spbei 
of radiuB a, which is suddenly strained into a spheroid of small 
ellipticity. Find the kinetic energy due to the motion of the 
liquid contained between the given surface, and an imaginary 
concentric spherical surface of radiua c; and show that if this 
imaginary surface were a real bounding surface which could not 
he deformed, the kinetic energy in this case would he to that in 
the former case in the ratio 

c'(3a' + 2c') : 2(c"-n7. 

4. A pendulum with an elliptic cylindrical cavity filled with 
liquid, the generating lines of the cylinder heing parallel to the 
axis of suspension, performs finite oscillations under the action of 
gravity. If I be the length of the equivalent pendulum, and t the 
length when the liquid is Kolidified, prove that 

hiM+m)(a' + b*)' 
where M is the mass of the pendulum, m that of the liquid, k the 
distance of the centre of gravity of the whole mass from the axis of 
suspension, and a, b the semi-axes of the elliptic cavity. 

5. Find the ratio of the kinetic energy of the infinite liquid 
surrounding an oblate spheroid, moving with given velocity in its 
equatoreal plane, to the kinetic energy of the spheroid ; and denot- 
ing this ratio by P, prove that if the spheroid swing as the bob of 
a pendulum under gravity, the distance between the axis of the 
suspension and the axis of the spheroid being c, the length of the 
simple equivalent pendulum is 

(l+f}c + 2ffl75c 
l~p/a ' 

where a is the equatoreal radius, tr and p the densities of the 
spheroid and liquid respectively. 

6. A pendulum has a cavity excavated within it, and this 
cavity is filled with liquid. Prove that if any part of the liquid 
be solidified, the- traie of oscillation \viU be increased, 

7. Prove that if a number of solids be moving freely under 
their mutual attractions in an unbounded liquid, the impulse of 
the motion remains constant 
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8. The space between two infinitely long coaxial cylinders of 
radii a and b respectively, is filled with liquid of density p, and the 
inner cylinder is suddenly moved with velocity U perpendicular to 
the axis, the outer one being kept at rest. Show that the resultant 
impulsive pressure on a length I of the inner cylinder is 

TToa t U r^ — „ . 
■^ b — a 

'■). An elliptic cylindrical shell, the mass of which may be 

neglected, is filled with water, and placed on a horizontal plane 

very nearly in the position of unstable equilibrium with its axis 

horizontal, and then let go. When it passes through the position 

of stable equilibrium, find the angular velocity of the cylinder, (i) 

when the horizontal plane is perfectly smooth, (ii) when it is 

perfectly rough ; and prove that in these two cases, the squares of 

the angular velocities of the cylinder are in the ratio 

(,!' _ yy + ib' {a? + b') : («' - by, 

2a and 26 being the axes of the cross section of the cylinder. 

10. A solid ellipsoid of density c is placed inside a fixed con- 
centric, confocal, and similarly situated ellipsoidal shell, and the 
space between them is filled with liquid of density p. Supposing 
that the whole matter attracts according to the Newtonian law, 
.and that a > p, show that when the solid ellipsoid is slightly 
displaced parallel to its greatest axis, the time 2* of a small 
oscillation is given by 

where a, b, c and a, b', c are the serai-axes of the outer and inner 
ellipsoids, and 

, _ r* abcdK 

~L [((t'-f\)'(6'Tx)(c' + X)J' ■ 

11. The space between two coaxial cylinders is filled with 
liquid, and the outer is surrounded by liquid, extending to infinity, 
the whole being bounded by planes perpendicular to the axis. If 
the inner cylinder be suddenly moved with given velocity, prove 
that the velocity of the outer cylinder to that of the inner will be 
in the ratio 

26'cV : p (a'6' - oV +b*-i- b'c') + o- (a' - 6") (b' - c'), 
where a and b arc the external and internal radii of the outer 
cylinder, o- its density, c the radius of the inner cylinder and p the 
density of the liquid. 
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12. The ellipsoid {xjaf + {yjby + {zjc)' = 1, is filled with Hquid 
originally at rest, and rotates uniforinly about an axis through its 
centre of inertia : prove that the surfaces of equal pressure axe 
given by the equation 

{A, B, C, A'. B', C'){x. y. zf = \. 



where 



A = 



&V + cV + nV - 3 



{a' + 6')' 



and 



Pj are the component angular velocities of the ellipsoid. 

13. In the last example prove that if the ellipsoid be set in 
rotation and then left to itself, the components of the veloci^ 
the liquid relatively to the ellipsoid are 

d' + fc" a* + (^' 
. 2&'6.,s 26=wJE 

•^ t' + c' V + a^ 
. ___ Ic'a^ 2c*(w,y 
c" + 0.' c' + i" 
and that if the ellipsoid revolves about a fixed axis after 

revolutions of the ellipsoid, every particle of liquid will be in the 
same position relatively to the ellipsoid. 

14. A closed vessel filled with liquid of density p, is moved in 
any manner about a fixed point 0. If at any time the liquid 
were removed, and a pressure proportional to the velocity potential 
were applied at every point of the surface, the resultant couple 
due to the pressure would be of magnitude G, and its direction in 
a line OQ. Show that the kinetic energy of the liquid was pro- 
portional to ^paiGcosd, where a is the angular velocity of the 
surface, and 8 the angle between the direction of m and OQ. 

15. A solid cylinder of radius a iraraeraed in an infinite liquid, 
is attached to an axis about which it can turn, whose distaatn 
from the axis of the cylinder is c, and oscillates under the action 



if 26c&», 
(W+c 
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of gravity. Prove that the length of the 
pendulum is 

K4c°(l+ p/o-) 
c{1-pM • 
IT and p being the densities of the cylinder and liquid. 

16. A light cylindrical shell whose cross section i: 
filled with water is placed at rest on a smooth horizontal plane in 
its position of unstable equilibrium. If it is slightly disturbed, 
prove that it will pass through its position of stable equilibrium 
with angular velocity m, given by the equation 

. o "' + i* 

''=^^(a + by(a-b)- 

17. A quantity of heavy heterogeneous liquid is placed inside 
an ellipsoid, which is then moved so that the density of the liquid 
is always the same function of the depth. Prove that a certain 
cone coaxial and concyclic with the reciprocal ellipsoid, moves so 
as always to have one of its generators vertical. 

18. Liquid of density p is contained between two confocal 
elliptic cylinders and two planes perpendicular to their axes. The 
lengths of the semi-axes of the inner and outer cylinders are 
c cosh a, c sinh a, c cosh ^, c sinh ,3 respectively. Prove that if the 
outer cyUnder be made to rotate about its axis with angular 
velocity fl, the inner cylinder will begin to rotate with angular 
velocity 

n,p cosech 2 0-0) 
p coth 2 (/3 - a> + ^o- sinh ix ' 
where a- is the density of the cylinder. 

19. A circular cylinder of mass M, whose centre of inertia is 
at a distance c from its axis, is projected in an infinite liquid under 
the action of gravity. Prove that the centre of inertia of the 
cylinder and the displaced liquid will describe a parabola, while 
the cylinder oscillates like a pendulum of length 

where M' is the mass of the liquid displaced, and k is the radius 
of gyration of the cylinder about its axis. 

20. The space between two coaxial similar and similarly 
situated elliptic cylinders is filled with liquid, and the cylinders 
are rotating with uniform angular velocity a>. Find what would 
be the new angular velocity if the liquid were suddenly solidified. 
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21. A hollow vessel of the form of an equilateral prism filled 
with liquid, is struck exceiitrically by a given blow in a plane 
perpendicular to the axis and bisecting three edges; find the 
initial motion of the vessel. 

22. A cylinder whose cross section is an ellipse is moving in 



an infinite liquid. Prowe that when there is circulation round the 
cylinder, its equations of motion are 

»j^ (Pa cos e-Qvsm9 + >cp;,) = X, ^^M 

-^-^ (Pa sin O + Qvco.0~ >cpx) ^^^^^ 

c'^^-iP^QU. = N, ^^H 

where {x, y) are the coordinates of the centre of the cross section, 
X, Y the components of the impressed forces parallel to fixed 
axes, JV is the impressed couple about the axis of the cylinder, u, v 
are the component velocities of the cylinder parallel to the major 
and minor axes of its cross section, and 9 is the angle which the 
major axis makes with the axis of a:. 

23. Prove that helicoidal steady motion is always possible 
when a planetary ellipsoid is moving in an infinite liquid ; but it 
is not possible in the case of an ovary ellipsoid, unless the ratio of 
the angular momentum of the ellipsoid about its polar axis, to its 
component velocity along this axis is greater than 2jRA (1 — RjP) ; 
where R and P are the effective inertias of the ellipsoid about its 
polar axis, and an equatoreal axis and A is its effective moment of 
inertia about the latter axis. 

24. A solid of revolution of mass M, is rotating in any 
manner about its centre of inertia, in an infinite liquid. Prove 
that if it is allowed to descend under the action of giavity, its 
vertical velocity at time t will be equal to 

where M' is the mass of the liquid displaced; and 6 is tlie 
inclination of the axis of the solid to the vertical at time t. 
Obtain the differential equation for determining dOjdt. 




CHAPTER X. 



ON THE MOTION OF TWO CYLINDEES. 

207. We have shown in Chapter V. tliat, when two cylinders 
are moving in a liquid of density p, the kinetic energy of the 
whole motion is 

2T= {M+ P) (u' + v^+ {M- + Q) {«" + O + 2L (uu - vv'). 
where 71/, M' are the masses of the cylinders ; u, v, u', v' their com- 
ponent velocities perpendicular to and along the line joining their 
centres. The values of the coefficients are given' by equations (73) 
of § 123 or (74), (75) and (76) of § 124 ; and are functions of the 
distance between the cylinders alone. 

208. We shall now apply these formulae to the consideration 
of the motion of a cylinder in a liquid bounded by a fixed plane, 
when there is no circulation". 

When two equal cylinders are projected with equal velocities 
perpendicularly to the line joining their centres, it is clear that 
during the subsequent motion, the velocities of each cylinder 
perpendicular to this line will remain equal, and that their veloci- 
ties parallel to this line will be equal and opposite. Hence the 
plane which is perpendicular to this Kne and bisects it will be fixed 
in space, and there will be no flux across it. One of the cylinders 
may therefore be removed, and the above mentioned plane aub- 
Btituted in its place ; we shall thus obtain the motion of a cylinder 
in a liquid which is bounded by a rigid plane. 

' Bee ETTstn. 

' EickH, " On the motion of two cylinders in a fluid," (iuart. Journ., vol, m. 
p. 193. 
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Let the axis of x lie in the plane, and be perpendicular to the 
axis of the cylinder; the kinetic energy of the liquid will be ob- 
tained by putting a^ P,d^ = 6^ = Jq; u = u', u = - u' in equations 
(74), (75) and (76) of § 124 and halving the result. Hence if 
<T be the density of the cylinder, and a its radius 
2r = 1(P + L) + TraV) («' + v') 

= R(u* + v') (1). 

where' Ji = ■jrd'p \l + 2S" j ! ~ ^IfJ c + ^aV. 

If no external forces act upon the system, the energy, and also 
the momentum parallel to ar, are constant ; the latter condition gives 

-f- = const. = (t, 
au 

or nu=G (2). 

Since T and G are both constant, the equations of motion may 
now be written 

Mu=Gl 

Ii(u' + v') = 2Tj ■• •'■ 

Differentiating with respect to t and remembering that i2 is a 
function of y alone, we obtain 

'+.4i1('--»-)=° w 

Now R ia necessarily positive ; also y = a cosh a = ^a (1 + g)/q^, 
therefore M decreases as y increases ; hence dRjdy is negative, and 
therefore ii has always the same sign as u* - m'. Let U be the 
resultant velocity, ^ the angle which its direction makes with the 
axis of y, then 

IT dR „^ 

If therefore the direction of motion makes with the axis of y . 
angle lying between \ir and fTr, the acceleration from the plane 
will be negative and the cylinder will be attracted towards the 
plane, but if this angle lies between and Jx or frr and tt, the 
acceleration will be positive, and the cylinder will be repelled from 
the plane. 

Also since w = GjR, and R decreases as y increases, u increases 
as the cylinder moves from the plane, and vice vers^ 

The value of P + L in lennB of elliptic functioDB will be given in the Appendix. 
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„ , (/• ill , 

If we put -•iRdy--' 

the component accelerations are 

« = / sin 2i^, V = fcoa 2^. 

209. If the cyhnder be initially in contact with the plane, 
and be projected perpendicularly from it, u = 0, and 

v' = ITjR = v^BJR, 
where the snfExea denote the initial values of the quantities. 

Since g = when i/^xi, the hmiting value of E is -tto' (p + o"). 
When y = a,q = l; in order to find the value of R^, let ly = 1 — X, 
where A. Js a small quantity which ultimately vanishes : then 

J!>»- = p{l + 2(l+i+l + . ..)} + . 
Whence the ratio of the mitial to the tecifiiaal velocity is 



/ 






210, When the direction of projection is not perpendicular to 
the plane, the direction of the velocity at any subsequent time ia 
given by the equation 

cot 1^ = v/ii = + ^Rp — i, 
where p = ^TjG', and the upper or lower sign muat be taken 
aticording as the initial value of i^ is < or > Jtt. Let cot be 
initially positive, so that the cylinder is projected from the plane, 
then since R diminishes to the limit Tra" (p + tr) it follows that if 
■n-a'p (p + tT)< 1, there will be some point which is determined by 
the equation Rp = 1, at which cot "^ = 0, and where the cylinder will 
consequently he moving parallel to the plane. During the subse- 
quent motion cot will be negative, and the cylinder will approach 
the plane and R will increase. The quantity ^Ep — 1 continually 
increases as R increases, and hence will increase from ^tt and the 
cylinder will ultimately strike the plane. Hence the cylinder will 
or will not strike the plane according as 7ra*p {p + a-)< or > 1. 

If ira'p (p + (t) = 1, and a be the initial value of 0, 
cot a = V (RJtto' -p- a-)j(p + a) ; 
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whence a cylinder projected at an angle > a will meet the plane at 
an angle 

tan"' Vt'wa'p (i'w'/o + cr — p) — 1 }, 

and a cylinder projected at an angle < a will move, when at an 
infinite distance from the plane in the direction 

cot"* »J['rra^p (/> + cr) — 1}. 

If the direction of projection is equal to a, the cylinder when 
at an infinite distance will move parallel to the plane. 

211. Let one of the cylinders be fixed whilst the other moves 
independently. 

Let (r, 0) be polar coordinates of the centre of the moving 

cylinder referred to the centre of the fixed cylinder as origin ; if 

R^P + M\ then 

2r = JB(r* + r'^). 

Since R is independent of 0, we must have 

— T = const. = hy 
de 

or Rr'd = A. 

Also since 

ddT_dT^^ 

dt dr dr ' 
we obtain 

Let U be the resultant velocity, ^ the angle which its direction 
makes with the radius vector ; the radial acceleration 

/ f^' dR „ . 

Since JB decreases as r increases dR/dr is negative ; hence the 
cylinder will be repelled when <f> lies between and Jtt or between 
f TT and TT ; and will be attracted if <f> lies between Jtt and f tt. 

212. If the cylinders be initially in contact, and one of them be 
projected with velocity F along the line joining their centres, then 

7^^2T/R, F* = 22yi?,. 
Therefore _=_=^g^.y. 
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If the cylinders are equal it can be shown in a similar manner 
as before, that 

or P„= TraV, 

r __ /Itt'p + o- — p 



whence 



Cyclic Motion. 

213. Let us now consider the motion of two equal cylinders 
round which there is circulation in opposite directions, and which 
are initially projected with equal velocities parallel to Ox. 

Let A and JB be the common inverse points of the two cylinders, 
a the radius of either of them, u, v and w, — v their velocities 
parallel and perpendicular to Ox, y the ordinate of the centre of 
the cylinder A ; also let the circulation round A be in the contrary 
directions of the hands of a watch. 

It is known from the theory of rectilinear vortices, which will 
be explained in Vol. II., that the cyclic motion is the same as 




X 



would be produced by two rectilinear vortices of circulations ic 
and — /c situated at A and JB, hence with the notation of § 178, 
the value of x will be 

_ ^ /c\ AP _ KT) 

by § 121. 



r 



f 
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' and 



^ 



Rii + ^ (i^ — u^ -j Kpu coth a -\ 




Also, if a be the value of ij at the surface of the cylinder A, 
and AB = 2c, 

a = c cosechct, y = c coth a (5), 

and S («x) ~ «'a/T. 

Since this kind of cyclic motion could he produced by applying 
a uniform impulsive pressure Kp to every point of that portion of 
AB which lies between the cylinders, we must have U = 0. Let 
(r, 6) be the polar coordinates of P referred to 0, then 

K_, r' + c'- 

^~ 4x °^ r" + c' + 2rclm~d " 
whence S = 0, 30 = - /(c/fl-. 

Therefore L = Z + ^KCpu - K*p%j1-ir + V 

Also if Jlf, M' be the masses per unit of length of either of the 
cyhndera, and of the liquid displaced, 

iJ = il/'|l + 2(l -qyS.' 
where g = e~'°. 

If we suppose the cylinder B to be replaced by the fixed plane 
Om which forms the boundary of the liquid, the value of L must 
be halved, and the equations of motion of the cylinder A will be 

dtVdu 
,dd'l,dZ 
idtdv-^Ty-'f. 
From (5) we obtain 



therefore -;- = coth a, 

whence (7) becomes 

,ddZ_ dZ _ 
^dt dv ^ dy 
Let us now suppose that gravity is the only force in action, and 
that the plane boundary Ox is horizontal, forming, so to apeak, the 
bed of the ocean ; (6) and (8) respectively become 
Ru + Kpc = const. = h 

-f KUa UUi.ll u T ', WW — ju J u 1 

ay '^ i-TTO 
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These equations are satisfied by u = 0, u and 1/ constant, pro- 
vided u satisfies the quadratic 

pu^~KpucoQia + ^ + {M-M')g = (10), 

where p = —\dRjdy. The roots of this quadratic will be real 
provided «'p'coth'«>j) J +4 {M — M')g> (11). 

Case (i). Since p is positive the roots will always be real if 
M->M 
and K^p < ire {M' — M) g. 

In this case the liquid is denser than the cylinder, and one of 
the roots of (10) will be positive and the other negative, and the 
positive root will be numerically greater than the negative root. 
Hence there will be two cases of steady motion, in one of which 
velocity of the cylinder will be in the same direction as that of 
the liquid, due to the circulation at points between the cylinder 
and plane ; and in the other the velocity will be in the opposite 
direction ; also the velocity in the former case will be greater than 
in the latter. 

Case (ii). AT > M. k'p > i-rrc {M' - M) g. 

In this case the roots of (10) will be both real and positive 
provided (11) is satisfied; hence the velocity in the two cases of 
steady motion will be in the same direction as that due to the cir- 
culation. 

Case (iii). M > M'. 

In this case the cylinder is denser than the liquid, and the 
roots of (10), if real, must be both positive, hence the two 
velocities must be in the same direction as that due to the cir- 
culation. 

Case (iv). If either g = ot M = M', (11) becomes 

7r/JCC0th'a>^. 
Here both roots of (10) are positive, and the two velocities 
must be in the same direction as that due to the circulation. 
This case has been discussed by Mr W, M. Hicks'. 
' Quart. Jaurn, vol. nii. p. 191. 
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Case (v). Suppose that the cylinder ia reduced to rest, and 
let go. Since m and « are initially zero, the initial acceleration is 

*— JKi I*"''""- ^' " + "■''' <'^'- 

Hence if the liquid is denser than the cylinder it is possible 

for the right-hand side to vanish ; in which case the cylinder will 

remain in equilibrium under the combined action of gravity 

and the pressure due to the cyclic motion. 

If the plane formed the upper boundary of the liquid the sign 

of g' in these five cases would have to be reversed. 

216. The results of the last two cases may be inferred from 
general reasoning. 

We have shown in § 14, that the product of the velocity of a 
liquid and the cross section of a tube of flow, ia constant through- 
out the length of the latter. Now in Case v. where the cylinder is 
at rest, the tubes of flow are circles, and those portions of tbeni 
which lie between the cylinder and the plane will be more com- 
pressed than the portions which lie on the remote side of the 
cylinder ; hence the velocity of the liquid at points between the 
cylinder and the plane will be on the whole greater than at points 
which lie on the opposite side of the cylinder, and consequently 
the pressure on the side of the cylinder nearest the plane will be 
less than that on the remote side, and therefore the cylinder will 
be attracted towards the plane. If the cylinder is less deme than 
the liquid, and the plane forms the lower boundary of the liquid, 
the effect of gravity will be to repel it from the plane, and hence 
there must be a certain position in which the two forces balance 
one another, and in which the cylinder will be in equilibrium. 
If on the other hand the plane forms the upper boundary of the 
liquid, there will be a position of equilibrium, provided the 
cylinder is denser than the liquid. 

216. In Case iv. let the cylinder be moving with a small 
velocity u parallel to the plane, and in the same direction as that 
of the circulation between the cylinder and the plane. Let the 
cylinder be reduced to rest by impressing on the whole liquid a 
velocity u equal and opposite to that of the cylinder. At points 
between the cylinder and the plane, the reversed velocity u of the 
liquid and the velocity duo to the circulation will be in opposite 
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directions, whilst at points on the other side of the cylinder they 
will be in the same direction. Also by § 14 each velocity will 
be on the whole greater at points between the cylinder and plane, 
than on the opposite side of the cylinder. Hence if u be small 
enough, the cylinder will be attracted towards the plane, and 
therefore if u increase from zero, a certain critical value m^ will be 
reached, at which the cylinder is neither attracted nor repelled, 
but will be in eqnilibrium. In this case the resultant velocity at 
points between the cylinder and plane, will be in the opposite direc- 
tion to that on the other side of the cylinder. 

If u continue to increase, the cylinder will at first be repelled 
from the plane, but ultimately a second critical value m, will be 
reached, at which the resultant of u, and the velocity due to the 
circulation at points between the cylinder and the plane will on 
the average be equal to the same quantity on the opposite side of 
the cylinder, and there will be another position of equilibrium. In 
this case the resultant velocity of the liquid at points between the 
cylinder and the plane will be the same direction as that on the 
other side of the cylinder. 

If u exceeds this second critical value the cylinder will thence- 
forth be attracted. The two critical values of u are evidently the 
roots of the quadratic obtained by putting jf = in (10). 



EXAMPLES. 

1. A cylinder of radius a is surrounded by a concentric 
cylinder of radius b, and the intervening space is filled with 
liquid. The inner cylinder is moved with velocity u and the 
outer with velocity v along the same straight line ; prove that the 
velocity potential is 

= -rs r '" COM 6 4- ^- — yj/ — ii -• 

^ i" - a" (6' - a") r 

2. A long cylinder of given radius is immersed in a mass of 
liquid bounded by a very laige cylindrical envelope. If the 
envelope be suddenly moved in a direction perpendicular to the 
cylinder with velocity V, the cylinder will begin to move with 
velocity ^F, provided the density of the cylinder be three times 
that of the liquid. 

15—2 



J 



228 MOTION OF TWO CYLINDERS. 

3. Two infinite parallel cylinders in an infinite liquid are 
projected with given velocity; (i) in opposite directions along a 
line at right angles to their axes, (ii) in the same direction per- 
pendicular to this line. Prove that they experience in the first 
instance a repulsion from one another, and in the second instance 
an attraction towards one another. 

If their radii are indefinitely small in comparison with one 
another, prove that their motion is initially the same as that of 
two rectilinear vortices of equal and opposite strengths, 

4. A solid cylinder with flat ends is fixed between two parallel 
planes, and a cylindrical shell of the same length can slide freely 
between the planes. If the space between the cylinder and shell 
is filled with liquid, and the shell is placed bo as to be coaxial 
with the cylinder and then jerked in any direction with velocity 
V, prove that the resultant impulse on the cylinder is 

iMTb' (a' - b% 
where a and b are the radii of the cylinder and shell, and M is the 
mass of the liquid which the cylinder displaces. 

5. The space between a moveable cylinder and a fixed excentno 
cylinder is filled with liquid. If the moveable cylinder be initially 
projected with given velocity, perpendicular to the line joining its 
centre with that of the fixed cylindrical boundary, determine its 
motion, (i) when there is no circulation, (ii) when there ia circu- 
lation. 

6. Examine the stability of the steady motion of a cylinder 
parallel to a fixed plane, discussed in § 214. 
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ON THE MOTION OF TWO SPHERES'. 



217, When two spheres are in motion in an infinite liquid, 
the velocity of each sphere may be resolved into three components 
«„ «|, w,; Mj, iij, w,, where «„ m^ are the component velocities of 
the spheres along the line joining their centres ; and v„ w^ ; v^, w^ 
are the component velocities parallel to two straight lines at right 
angles to one another, which are perpendicular to the line joining 
the centres of the two spheres. It would therefore at first sight 
appear, that the kinetic energy of the liquid must contain twenty- 
one terms, but it can easily be shown that twelve of these terms 
must vanish. For let ua suppose that ii^, w;,, 7',, v^ are each zero, 
and consider the term involving m,w,. The kinetic energy on 

' The present cliapter has ieen taken from the following papers by Mr Hioka ; 

" Ott the Motion of Two Spheres in a Fluid," FhH. Tram. 1830, p. 45G. 

" On the Problem of Two Pulsating Spheres in a Fluid," Proc. Cainb. Fhil. Soc. 
vol. Ill, p. 277, and vol. iv. p. 39 ; 
and a paper hj the author, 

" On the Motion of Two Spheres in a Liquid and allied Problems," Proc. Loud. 
Maih. Soc. vol. iTiii. p. 309. 

Beferences maj also be made to the following papers : 

Stokes. " On some Cases ot Fluid Motion," Traiu. Caiab. Phil. Soc. vol. vm. 
p. IDS. 

BjerkneB. Forhand. Skand. NaCurfors, Christiania 1868, and Forhand. Videntk., 
Christiania 1871 and 1875. 

Q. Forhea. " Hydrodjaamic analogies to Electricity and Magnetism," Naturs, 
vol. ixrv. p. 300. 

Bertin. " PhlnomSnea Eydrodjnamiques inversement analognes k. ceux de 
I'feleotricit^ et du Magnctisme," Ann. de Chimie et de Fhys. (o) xst. p, 257, 1682. 

Pearaon. " On the Motion of Spherical and Ellipsoidal bodies in Floid Media," 
Quart. Joarn. vol. xx. p. 60. 

Herman. "On the Motion of Two Spheres in a Fluid and allied Problems," 
Quart. Journ. vol. sin. p. 304. 
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account of the symmetry of the motion, must clearly be unaltered 
if the direction of ir, be reversed, and this requires that the 
coefBcient of u^w, should be zero. By similar reasoning it can be 
shown that all the other coefiScients must vanish, except those 
of u,', jtj*, r,', JJ,', w,', w,*, u,Mj, Vj^j, WjWJj ; and also that the co- 
efficients of v^, v^, »!,-Uj must be respectively equal to tbos 

Hence the kinetic energy of the system may be written 
T= i (Ai*,' - 2B«,)(., + Cu^) + {A' («,* 4- w,') 

+ S (v^v^ + w,ty,) + J C- (v,' + O. 
where the six coefficients are functions of the distance between 
the centres of the two spheres and their radii. 

The values of A, B and C must be determined by supposing 
that the motion of the spheres is along the line joining their 
centres, and those of A', B', C by supposing that the motion is 
perpendicular to this line. 



I 



Motion along the Line of Centres. 



218. Let A and B be the centres of the spheres, a and 6 th^ 
radii, c the distance between their centres. 




Let ^, be the velocity potential when A is moving with 
velocity «, along BA and B is at rest ; ^^ the velocity potential 
when B is moving with velocity u^ along the same direction and 
A is at rest By § 162 the velocity potential of the whole motioo 
is 1^, + 0j, and the kinetic energy of the liquid is 



® = 



-4p//0, 



^ 



dn 
T,, + 2T„ + r. 



da- 
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In order to find the value of ^ we shall employ the method of 
images. 

If B were absent, the velocity potential due to the motion of 
A, would be the same as that of a positive doublet' at A of 
strength ^w,a', whose axis coincidea with BA. By § 53 the 
image of this in B, is a negative doublet situuted at the inverse 
point F, where BF .BA —b", and whose strength is —Uja'b'/2c'. 
This latter doublet will have an image in A, and so on ad infi- 
nitum. Hence the kinetic energy of the liquid due to the motion 
of the sphere A, will be the same as that due to two infinite 
systems of doublets, both of which lie respectively within each 



219. Let p^ be the distance of the nth image in A from A, fi^ 
its strength ; and let o-^ be the distance of the nth image in B 
from A, v^ its strength. The part of 5",, due to ^^ will be 



'■'• (»'+p.' + 2»f.cosfi)' 




f (p. + ax) xda: 
But 


(ii' + t' + iarxf *■'-, (a" + r' + 2i.™)' 


J 




-lai'IC + 'X"'---'') 


1 


±{a-r}(a 


'+.-" + <ir)l. 


When r=p^<a, the integral is equal to 




d tr 2 

IrSa' 3(i' 


(2)- I 


But when r = 17, > «, it equals 




d 2a 4tt 


(3). 


drSr" Sr- 




Therefore T„ = j-r-puX fc - irpa\i' ^.,7,-. 




Now ^„ = ^o'u,, /i, = - aV,(7"^. 




' A doublet is couBidered positive when its soaroe end is 


t ttie positive 
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Hence if M^ be the mass of the liquid displaced by the 
sphere A, 

r.. = iilf.V(l + 32r^) (4). 

This is the kinetic energy due to the surface integral of ^'s 
motion over itself. 

Again, 

V, 6X-x/(c -P.^,)'. Pn = «7<'.. o-<T, = by{c - p^,). . .(5), 

whence ^. = -.^._= -,^?=V^. 



-0 



PJ'n-l •••Pi 



[{0 - p..,) (c -7 J . .'. (c - p.) cj '*• (^>- 

Eliminating a^ from (5) we obtain 

VJ>«-i-(c"-6«)/>„-aKi + a'c = (7). 

220. The formulae of the preceding section enable us to 
obtain an approximate value of 7,^ as far as c"" without much 
difficulty, but in order to obtain the complete solution we must 
solve (7). To do this, put p^=% + x, and choose a? so as to make 
the constant term vanish, and we obtain 

ca;«-(a« + c»-6»)a?+aV = (8). 

Let F, F^ be the common inverse points of the two spheres, 
the middle point of FF^ ; also let FF^ = 2X, J. = r^ , 05 = r„ then 

therefore r^ — r^ = c?—V] \ (9). 

also r^ + r, = c, 

therefore r^ = (a' + c' - 6')/2c 

Let P be any point on the sphere Ay and let the constant 
ratio FJPjFP be denoted by y^, and let q^ be the similar constant 
for the sphere B. Then since the triangles PF^A and FPA are 
similar, 

gr, = ^^/a = (r, + \)/a = a/(r,-\), 

and (8) becomes 

a?' - 2rjar + a' = 0, 
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the roots of which are x^=r^ + X, x^ = r^ — X. Putting p^ = u^ + x^, 
equation (7) may now be written 

^«^n-i - K - «Vc) % + (^1 - aye) w„., = 0. 

Now a' = x^x^y whence, writing v^^ for u^, we obtain 

v_ — M -T v„ • = — 



In this equation 



c - ^1 __ ^8 — X _ 3 
c-/r, r, + X ^«' 

a?j __ r^ + X __ J 



^i(c-^,) (^i + X)(r, + X)- 
Whence putting q = gj/^i, we obtain 

8 ^ 

V ^, — a V = — 

n+l 1 n 



the solution of which is 

hence p„ = aq^ + {Eq^"" - \ X"')"\ 

But /o = when n = 0, therefore 



therefore 



1 


1 


r,-^ _ 


1 


2X 


Pn = a?, - 

= (t - 


2X (r, + \) 
2X 


■ 2X?.' ' 




1 - 5" J - 





?*•?!" 



Also c-/o, = r, +rj-r,-X+2X/(l-g*'g'-') 

therefore -7^ = ^ ^,^ " CP = ^^' (say); 



therefore a = L» ^"-■^'-» "P" ■ 

\ PnPn-t -Pi) 



t 
Mo 



1 - ?•"<?. 



,«» « -a r A*o* 
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If therefore we put 

<2(?r'.9)=(i -o'2:(j^l"^-.y (10), 

we obtain T^^ = iM^u,'{l + 3Q{q;\q)} (11). 

Similarly if the sphere B were moving with velocity m, along 
BA whilst A is fixed, it can be shown that 

T„ = lM^<{l+SQ(q„q)} (12). 

221. We must now calculate the quantity T^^ which is the 
surface integral of ffs motion taken over A, and which by Green's 
theorem is equal to the surface integral of A's motion taken over 
JB. We thus obtain, 

T,, = - ipjU^ ^ ^'^i " " "^/^^X r^a sin cos 0d0, 

Let p^ denote the distance from A of the nth. image of B 
in A, fij its strength ; also let cr/ denote the distance of the nth 
image in B from A, v^ its strength ; then remembering that the 
original doublet is in JB, we obtain 

/*; («/<^'n-.)' "'.-,. /*/ = - («/c)' v: = - laWc^u, . . .(13). 



Hence 



r„ = - ^-rrpaX 2* ( Jv,) + f^pw. ^'f^: 



= 27rp«, 2, /*; = - Trpw.M, "^^ 27 (^) (14). 

Also 

p^ = ayc, < = 67(c - p/), />,' = a7(c-<) (15), 

whence, proceeding as before, it will be found that 

'^''Uc-p'^J'"'-^ 



fLv 8n-8 C y* '^' ^ ' "^ 



8 



,5j t (c-ZX....(.-ft') } -^ <"'• 

and it can be shown as before that 

pj = aq, + (%- - JX-)-. 
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Whence, determining E by the condition that /o/ = a'/c, we 
shall find 

P: = ag. - 2\ (1 - err = (r. - X) ^ ~f^i^ . 

«(c-p;-.)~ 1-9*" • 



Therefore fi^ = • 

Now from (9) we obtain 



f(l-g»)r* 



-1\8 



I 1-9 



,xw A"! • 



H'l 



therefore 1 - gf' = ;^ — —^-7 — -— r = — r^ . 

If therefore we put 

QM)-<[^^ (17). 

we obtain 

T., 7rpu,u,Q,(q) (18). 

Hence, if m^, m^ be the masses of the two spheres, the kinetic 
energy of the whole motion when the spheres are moving along 
the line joining their centres is 

T=i(Au,'^2Bu,u^+ Cu^) (19), 

where ^ = m, + i Jlf J 1 + 3Q {q;\ q)] ' 

C=m, + iJlf,{l + 3Q(?„?)} ■ (20). 

B=2irpu,u^Q^(q) f 

The three coeflScients A, B, G can be shown to diminish as the 
distance between the spheres increases ; for when c and therefore 
X is large, 

?i = (^1 + ^)/« = 2X/a, 

?, = 6/(r, + \) = 6/2X, 

q =ab/4}\^, 

ultimately, and therefore A, B, and C diminish as c increases. 
Also, since T is essentially a positive quantity, AG > B'. 
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222. The general formulae (20) are too complicated to be of 
much use, we shall therefore obtain approximate values o{ A, B 
and G as far as c"". 

From (5) and (6) we obtain 

p, = aV(c' - n 



whence 

also from (6) 

From (7) 
therefore 

whence 



fi, \ac 



=G-^.) 



(21); 



Pi (opi - c' + 6*) = - o' (c - /),), 

a'(c'-6') 



o' 



P« _ _ 
c-p, c» - 6' - c/o, (c* - 6')' - oV ' 






8^81 



[(c'-iO'-a'c 



(22). 



The last expression varies as c"", whence expanding the values 
of fi J fi^y fiJfiQ in powers of c"\ and neglecting higher powers than 
c"", we obtain 

and the value of C can be obtained by interchanging a and 6. 
To determine JB to the same order, we obtain from (16) 

6p; V a'b' 



K [a (c -/./)! -(c«-a''-67 



(23), 



whence 5= — ^g — j^ + "^ + ^ ^f • 



Collecting our results, the values of A, B and (7 as far as 



c"" are 



^=m, + iif, 



- , 3aW /- . 36' 66* 116M 
c" V c c* c® 



3a' . 6a* 11a 



„ _ 2wpa'l? {. , a»6' Sa't' (a* + &» )] 



il 



c' "^ c* "^ C" 



^1) 



>...(24). 



MOTION PERPENDICULAE TO THE LINE OF CENTRES. 237 



Motion perpendicular to the Line of Centres. 

223. When the spheres are moving perpendicularly to the line 
joining their centres, the kinetic energy may be determined by 
the method of images without much difficulty, provided we 
neglect powers of c"* higher than the eighth ; but if it is desired to 
carry the approximation to a higher degree, the successive images 
become exceedingly comphcated, and it is better to employ a 
different method, which will be explained later on. 

224 Let u,, v^ be the velocities of A and B perpendicular 
to AB. If B were absent the velocity potential due to A'8 motion 
would be the same as that due to a positive doublet at A, of strength 
^vfl', whose axis is perpendicular to AB. By § 54 the image 
of this in B, is a positive doublet of strength ^v^a'b'c~° situated 
at the inverse point F, together with a negative hne doublet 
extending from F to B, whose strength at any point P is 
— ^u,a'SP/6c per unit of length. Hence the successive images 
consist of a series of single doublets and line doublets, and 
evidently become exceedingly complicated. 

Let X ^^ the angle which any plane through AB makes with 
the direction of motion of the spheres, r the distance of any 
doublet element from A, fj. its strength The kinetic energy will 
be given by an expression of the same form as (1), whence 
the part of T^^ depending on /* will be 



^IS' 



v^pa',1 &' m'S cos' xd0dx 
(r'+a*+2arcose)^ 

[' sm^ede 

■'o (r' + 0^+ 2arcos 6y 
The value of this integral is 

in which the upper or lower sign is to be taken according aa 
r> or <a. Hence the value of the integral is 

^a'', a >r; and ^r'', r > a 
and therefore the part of T,, depending on /* ia ^irpfiv^ or 
^irp/J.v,a'/i^, according as ?• < or > a. 



J 
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Let V and a be the strengths and distances from A, of the 
doublets within B due to J.'s motion, and fj, the strengths of the 
doublets within A, Then 






Now every v produces in A an image consisting of a doublet 
of strength va^ja* at a distance a^la from the centre of A^ together 
with a negative line doublet extending from the doublet image to 
the centre of A^ and whose line strength at a point whose distance 
from A is a?, is — yxjaa. Hence the whole amount of the image 
is 



"©"i^&V^"©- 



Also every fi except fi^ forms part of an image of some 
particular i/, hence 



a a 



Therefore 



r.. = -2 J Sr (/*. + 3/*) 



= iAf.< {l + 3f. (^-)} (25). 



225. In order to find the term involving v^v^y we must find 
the portion of the kinetic energy due to JB's motion over A and 
double the result. 

Since the original doublet is in JB, every v except v^ forms part 
of an image of some fi, whence if the accented letters refer to 
the images of JB's motion 

hence T^, = f tt/ov, 2 [^ + fij 

= -n-p V.6» < ^, (26), 
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and we therefore obtain 

where vl' = m, + p/, jl+SS" (^a)l] 



i, + pf,{l + 3S:(^^)U (27). 



226. We shall now calculate the values of the coeffieients 
when all the images are omitted except ;*„ r,, /i.^'. 

The image of J. in 5 consists of a doublet of strength /ijb'/c* at 
F, tc^ether with a negative line doublet from F to .B of strength 
— fiaic/bc per unit of length ; also BF = h'/c, A F= (c' — &')/c. 

The image in A of the doublet at F is a doublet at a point F' 
whose strength is 

TAT'lJ^^'f ^-^>- 

where AF' = a-cjic'' — ¥), together with a negative line doublet 
from F' to A whose whole amount is 



f^f^^ 



aAF 2(c'-iy ^'^'''■ 



In order to find the whole amount of the image of the lino 
doublet between B and F, let P be any point in BF, Q a point on 
AF' Buch that AP.AQ = a'; also let BP = x, AQ = y; then 
y {c —x) = a'. The doublet element — fi^xdx/bc at P, produces a 
doublet element — fi^a'dx/bc (c — x)' at Q, together with a line 
doublet from ^ to A whose whole amount is 

fi^dx f"'" ydy _ fi^a^xdw 
bc~ J , o(c-3;) ~ 2fec (c - xf " 
Therefore the whole amount of the line doublet is 
_ Mo^ f ''" i£dx _ _ ft,aV 

26cj, {c-xf ic'{<f-by ^*"'^' 

adding (28), (29) and (30) we obtain 



M. _ 1 [/ ab Y a'b' 1 



Wff-bV 2ff'(c"-irl 



Agam 1*1 = 3' — "a I 



xdx 



"2c' ■ 



12). 
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whence substituting from (31) and (32) in (27), we obtain 

(7' = m, + ii./. jlH- 1 (^,y - ^^|^,U .. .(33). 



SL8 



The second ratio fijfj'^ is of the order c~", and the next term in 
B' is of the order c^. Hence (33) gives the correct values of A' 
and (7 as far as c"^^ and the expression for the kinetic energy 
derived from (33) is correct as far as c~®. 

227. We shall now explain a different method for obtaining 
approximate values of the coefl5cients\ The approximation is 
carried as far as c"", but it could without much additional labour 
be carried to a higher order if desired. 

It will first be necessary to establish the following proposition. 




In the figure, let PJlf =«r, AM=z, BM = z\ AB = c, cos = fi, 
cos 0' = fi; also let P^ (fi) be an associated function of degree n 
and order m, whose origin is A, and axis is AM; and let P'^ (ji) 
denote a similar function having the same axis and whose origin is 
B. Then we shall prove that, when r <c, 

F 



n 



r'"^^ (n-m)!c""^*+' 



■* »»H-1 ' • • • 



and when / < c, 

(-)"-"p: _ 



r (ra + m) ! p„ _ (?t + m + 1)! r 
L 2m! •» (2TO + 1)! c 

(-y(n + m + 8)! /rY , 1 
^ (2m + s)! Vcj"^ J ^ ^' 



Jm 



.n-H 



(n — m)! c 



_ V {n + m)! p^ (n + m + l )i r' p,^ 
•^'L 2m! '^■*" (2m + l)r c •*+» 

^ (2m+5)! U/ '^^ J ^ ''• 



^ Proc, Lond, Math. Soc. vol. xvm. p. 371. 
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It is known that P^ can be expressed in either of the forms* 
M{X - /i»)»"» r {fi + 77^ cos <i>Y-^ sin"» 4>d^, 

•^ t;; 

/■it sin^(6d<f> 

J {/* + n//^ - 1 cos ^l"^"^' 

where Jlf = -, . , ^ ^^ — ^^^ -^^ — . 

(n-m)!1.3...(2m-l)7r 

Therefore 

Q^ - Af«,« f sin*" ^<^^ 
r'"+' - ■^'^ j „ (/ + ttiT cos <f.)' 



T sin""rf)d(f) 

' [c + r (/* + 7/t» - 1 cos (^}]"*™« ' 



rX , (n+«i + l)(n + m + 2) /rX^' 



(/ + tw cos ^) 

whence, if \ = /* + Jfi^ — 1 cos ^, and r <c, 

^^ _^(-).(n + >^ + l)...(n + m + 5)^^J^ 1^.^^^^^. 

whence, by the first form of P^, we obtain 

(n+m )! ™ __ (Ti + m + l)! !] p«» , 
2m! "* (2m +1)! c "+* 

•••^ (2m + 5)! U/ "^ J • 

In order to obtain the second equation, let us change and ff 
into their supplements ; then, since 

FZ fcos (tt - ff)\ = (-)"-P: (cos e\ 
we obtain 



m TO 

n ' 



r'"+' (w - m) ! c""^*' 



r"*' (m - m) ! c"*""" 



" (« + m) ! p« (w + m + 1) ! r' _ 
2m! "* (2to4 1)! c 

(n + w + g) ! /rV 
•■'"^ (2m + s)! \c) -^ •»+• + ••• 






The corresponding formulae when r > c or r' > c could be easily 
obtained, but they are not required for the present investigation. 

^ These formulae will be proved in the second volame. See also Heine, Kuge^ 
ifunctionen, ch. tv, : Mess. Math,, vol. xiii., p. 147. 

B. 16 
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228. Let 4>i be the velocity potential of the liquid when A ia 
moving with velocity ii,, whilst B is kept at rest, and let <^j be the 
velocity potential when B is in motion and A ie fixed. Then if tp 
he the velocity potential of the whole motion, 

^ = 0, + 0, (36). 

The problem is therefore reduced to the determination of i^,, 
for when this ia known, ^, can be written down by symmetry. 

Let X he the angle which a plane through AB and any point P 
raakea with the plane through AB which contains the directions 
of motion of A and B ; also let Q„, Q^' be written for P^^ and P\'. 
Then, in the neighbourhood of -d, i/i, must be expressible in the 
form of the series 

for this value of 0, satiefios the surface condition ^^^H 

In the neighbourhood of jB, (fi must be expressible in the 
form 

*, = {", ('■' + 2?.)e,' + J!,(r'- + gi)«.'+...|co3x (3SX I 

for the value of <^, satisfies the surface condition ^^^^^| 

The series consisting of powers of r"' and / "* are convergent at 
all points outside the two spheres, but the aeries consisting of 
powers of r and r' will be divergent if r and r' be sufficiently 
great; hut we shall only require these latter series in the neitrh- 
bourhood of the two spheres where they are convergent. M 

The kinetic energy consists of a series of terms of the fona ^^^^H 









,Uj([ COS ;;( am t 
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Hence the terms involving Q^, Q,, &c. contribute nothing to the 
enei^y, and we may therefore, in writing down the final value of 
0,, reject all terms except those involving Q^ or Q^'. 

229, Dropping the factor cos;^; for the present, we should 
have, if B were absent, 

Putting m = 1, m = 1 in (36), the value of this near B is 

From (38) it follows that, in order to make the velocity at B 
vanish, we must add the series 

v,a' fh^Q; 2b'Q- 3b'Q.' 46°^; \ 
2c" \2r-' "*" Scr" '*' 4cV* ScV + "■J " 

Transforming this latter series back f^ain to A by (34), and 
retaining the important terms only, the value of ^, near A becomes 

In order to satisfy the surface condition at A, add the terms 

c" U c' 4? ■•" "?V 27-' "•" 6c'r' ' 

Neglecting powers of c~' higher than the twelfth, the value of 
these added terras near B is 

v,a''b' fl , 6=\ „ , , v,a%^ „ , , 
- 2^U + ?)<^''--2?'-^''-- 
Adding the terms 



1 



40* \,4 c' 



?)^ w. 



omitting Q,', Ac, and restoring cos;^;, the value of the velocity 
potential near B becomes 

*' '^ " 2? ^ + 4c' "^ ? \V ^ 2^V 



J(?;co9x--(41). 



The first term of (40) on transformation becomes 
— ii,(t'6'Q,r/16c", 

16—2 
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whence the value of ^^ near A is 



8N 7.8^ 



646») 6 



x(^ + £r8)0icosx (42). 



The values of ^^ at J. and B can be written down by symmetry; 
whence, if T be the kinetic energy of the system 

2T= A\' + 2B\v^ + CW 
where 






3a'6' f 1 , 6' 96* 6' (a' + 646')) 



4 c* 4c* 



16c« 






3a'6'fl a* 9a* a'(6» + 64a7 



'4^c'^"^4c*"^ 



16c^ 



a'6' aV(a» + 6')i 



4c' 



.6 



+ 



...(43), 



where m^, m^ are the masses of the spheres A and B; Jf^, Jlf, 
those of the liquid displaced by them, and p is the density of the 
liquid. 

The values of A', B\ G' have been calculated by Mr Herman 
as far as c"". 



230. We shall now apply the preceding results to obtain the 
solution of some problems. 

If a sphere is projected in a liquid which is bounded by a fixed 
plane, we must put a = 6, u^ = — u^ = % v^ — v^ = v\ then 

2r= (^ + J?) u^ + {A' + J?') v\ 

and, if higher powers than c"^ be neglected, we obtain from (24) 
and (43) 



A+B = m + \M[l-^^-\-^-^y 










(44). 
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where ^ is the distance of the sphere from the plane. Lagrange's 
equation 

dt du do 

gives (4+iS)«-»-|c4' + B')-«-|(^+if). 

Also, since the momentum parallel to the plane is constant 
(A' + B')v= const. = G. 
Let Kbe the resultant velocity of the sphere, 8 the angle which 
its direction makes with the normal to the plane, then 

{A+B)u= F' jsin'^^^ (A- + S") - cos'6 ^^ (A + B)\ 

If, therefore, 

tan a = . / -■ ■ ■ - ■ , ■ ■ ; 

it follows that, whenever the direction of motion makes with the 
normal to the plane an angle which is < a or > tt — a, the sphere 
will be repelled from the plane ; but, whenever this angle lies be- 
tween a and ir — a, the sphere will be attracted. Also, since A' + S 
increases as c diminishes, the velocity parallel to the plane will be 
accelerated when the direction of motion lies between a and tt — a ; 
and retarded when this direction makes with the normal an angle 
< a or > TT — 5f, If, therefore, the sphere be projected parallel to 
the plane, it will ultimately strike it. 

We have shown in § 208 that in the case of a cylinder a = Jw, 
hence in the case of a sphere a > Jtt. The discussion of the sub- 
sequent motion of a sphere projected in any given direction in a 
liquid bounded by a fixed plane, can be carried on in the same 
manner as in the corresponding ease of a cylinder, but it must be 
recollected that the preceding values of the coefGcienta may not 
give correct results if the sphere gets too close to the plai 

231. Let X, F be the forces upon the sphere, arising from 
the pressure of the liquid, then 

r=mi-- hnuii ^ {A' + E) . HA' + By 
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From (44) we obtain 

whence neglecting higher powers than c'' we obtain 

y_dMma' |, a'[u' (4ni- ilf ) + v'(M~m )][ 

232. Let us now suppose that the sphere .^ is a pendulum 
performing small oscillationa along AB about its mean position, 
whilst the sphere B is free to move. 

Let A be the mean position of A, B the initial position of B : 
A', S their displaced positions, and let A A ' = x, BB = y, AB = c ; 
A'B'=p. Theiip = c + cc — y and if — ^a; is the force required to 
maintain the oscillation of ^, the equations of motion are 

where the accents denote the values of A, B, C at time (. 

To obtain a first approximation, neglect squares and products 
of small quantities, and we find 

(AO-B')X + ^i.Gx = 0, 
Cy-Bx = 0. 
If therefore the sphere A is initially displaced to a distance 
iTj and then let go, the integrals are 

x—a;^ cos kt, 

y=-^"(co3fci-l), 
where k' = /lC /(AC - B'). 

Since y is negative and increases numerically so long as w lies 
between x^ and — x^, it follows that to a first approximation B 
is repelled fi^m A so long as A is moving away from its initial 
position A', and attracted when A is returning to A'. 



1 
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233. In order to obtain a second approximation, we must 
take into account the squares of small quantities. Let 

Bx 
y = -jr (cos A:^ — 1) + Zy 

where z is at least of the order x^. Then 

|) = c - ( ^ - 1 1 a?o cos A:^ + -^ + ^y 

^'=^+(a:-y)-^&c. 
Therefore B's equation of motion becomes 



dc) \ 

f „ . .dm ,. 

+ 



B -h {x -y) -^\xj(? coakt - x^k" (^ - J-^jsin*^ 



-<*'(5-^^8m'Ar< = 0. 



Neglecting cubes of small quantities, this equation may be 

written 

Cz =f -{-L cos kt + M cos 2kt, 

where f=,!^(dA^^^dBffdG\ 

""^^'^ -^ 4 [dc (§r dc^W dc) 

"■ 4 del ~G 

If we only take into account the first terms in A and J5, which 
is equivalent to neglecting the twelfth and higher powers of c"*, 
we obtain from (4) and (21) 

^, „ dJ. 127rpa%^c 

tnereiore —r- = — . >, ,ow , 

ac (c* — by 



^^ 67r/oVy 
C (2(r+/>)c^' 

therefore j- tt = — ts — x 7 , 

dc (2a + />) c^ 
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where <r is the density of the sphere B ; whence 

The terra / indicates that the sphere B, in addition to its 
vibratory motion, will be attracted towards or repelled from the 
sphere A, according as / is positive or negative. Hence there 
will be repulsion when 

Sp c' 

{1 - yj (2a/p + 1)}* 

which can only happen when a < p or the density of the sphere B 
is less than that of the liquid. 

If therefore the sphere B is denser than the liquid it will in 
general be attracted, but if the density of the sphere is less than 
that of the liquid there will be a critical point, beyond which 
there will be repulsion, and within which there will be attraction, 
this critical distance is given by 

b 

' " {1 - 4/ J (2a/ p + 1)}* • 

Since this result has been obtained on this assumption that c 
is so large compared with a and 6, that powers of c"* above the 
twelfth may be neglected, it fails to give a correct result if with a 
given density, c comes out nearly equal to b. If a/p = 9 then 
c = 7-6486. 

This theorem is due to Sir W. Thomson ; the preceding 
demonstration is due to Mr Hicks. 



On the Pulsations of Two Spheres, 

234. The term pulsation is applied to denote a periodic 
change of volume ; and the problem which we shall now investi- 
gate is the following : — Let there be two spheres in a liquid, whose 
centres are fixed, and which are composed of some elastic material 
such as india rubber ; let each sphere be compressed or expanded 
into a concentric sphere and then let go ; it is required to deter- 
mine the motion. 
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If the spheres were composed of some highly elastic material, 
the inequality of che pressure of the liquid upon their surfaces 
would produce a deformation which would cause their surfaces to 
cease to be spherical; we shall therefore suppose the rigidity of 
the spheres to he sufficiently great to render such deformations 
inappreciable. 

235. If ^, be the velocity potential of the liquid when the 
sphere A pulsates, and B does not ; and ^, be the similar quantity 
when A and B are interchanged, 



Let a and b be the radii of the spheres A and B, c the distance 
between their centres. If B were absent the value of 0, would be 

— a^d/r, for this value of i^, satisfies the boundary condition 
d^Jdr=d. This is the velocity potential due to a source of 
strength a'd situated at the centre oi A, and by g 52 the image of 
this in B will be a source of strength a'i«/c at the inverse point P, 
together with a line sink extending from the inverse point to 
the centre of B, of strength a'd/b per unit of length. Putting 
m = a^ba/c, f = h'/c, the strength of the source at P is m, and that 
of the line sink from £ to P is — m// per unit of length ; anil by 
§ 55 the image of these in ^1 is an arrangement of the same kind. 
Hence ip^ aud 0, will be the velocity potentials of two infinite 
systems of sources and line sinks, which respectively lie within 
each of the spheres, 

236. Taking the density of the liquid as unity, let >', be the 
resultant of the pressure of the liquid on B towards A, then 

K = - Up c"s Ods 

= Trb' ["(0 + i V) sin 2ede, 
where V is the velocity of the liquid at the surface of B ; let 



Q^f4i'sm20dO. 
Then / siu 20 = P. 
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• In order to find the portion of F^ which depends upon F*, let 
V = b% then F* = v^/b* + {d<f>/bd0y ; and since v is constant over 
the surface of B, the portion of F^ depending upon it is zero, 
whence, denoting the portion of the pressure depending upon F* 
by /, we have 

/= j7r6«JV»sin25d5 = i7r r (^)\m20d0 

By Laplace's equation 

in which r is to be put equal to b after the diflferentiations have 
been performed. Hence d<f)/dr = v/b^, so that 



But 



and 



2J'eoB'0i>^^dd=:j'4,'sia20d0 + [it>''X = Q+[<t>% 



fy^sm20d0 = jji^-'^:)dn2ed0 = i^... (45) 

whence / = J^g^P- (2 + ^6' ^), 

and F, = -^(v'P + IP-^Q + W^) (46) 

when r = 6. 

237. Let Pj be the part of P due to <^j, then if fu^ be the 
strength of any image whose distance from B is r, the portion of 
Pj due to this is 

fji^^ sin cos 0d0 



•^ 



(6' + r'-2br cos 6)^ 
which is equal to 

--^,r>b; &nd- -^,r<b. 
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Hence if fi^ be the strength of the nth source image in A from 
A, and p\ that of the other extremity of the line sink image ; the 
part of Pj due to fi^ is 

•* 3(c-pJ-*-*Jp.(p„-p;)(c-.:)» 

- 3(c-pJ«(c-p'J ^^^> 

Let i/^ denote the strength of the nth image in B, cr^, cr'^ the 
distances of its extremities from B\ then the part of P^ due to v^ is 






Now 



=- ''''V'''''^ <*8). 






therefore Z; V.^p.-p'.) (49) 

Adding (47) and (49) and summing for all integral values of n 
from 00 to 0, we obtain 



P, = -2S: ,^-^^;.:-^^-) (50). 



238. In order to find the portion P^ of P due to <f>^, we must 
remember that the original source is now in B, Let <r„, cr'„ denote 
the distances of the extremities of the nth image in B from 5, due 
to <^3, then expressing /i„, /)^, p'„ in terms of i/^, cr^, <r'^ we shall 
obtain 

P - gv°° ^n K - O 

Hence P - - 2S" ^^^ ^^^ " ^''-^ - 22°° ^nK"0 /51 x 
Hence i^- ^^0 (c-pJ(c-p'J "^^^ 6" •••^^^^' 

where /i^, p„, p'„ refer to the images of -4's motion, and i;„, <r^, cr'^ 
to those of E^ motion. 
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By direct calculation we easily find 



p. = o. 



P. = °° 



d?c 



Pi = 



a" 



o'c (c* - o* - 6") , a'Cc'-a') 
P* ~ {<? - fc")' - oV ' '' ' ~ c (c'— o' - 6') 

also if TWj be the mass of the liquid displaced by A, 



...(•52), 



m. 






aim. 



47r 



.»\> 



47r (c* - V) 



1*2 = 



a^Vm. 



47r {(c' - hy - oV} 



...(.53). 



The y's and o-'s can be obtained by symmetrically interchanging 
a and h and putting m, for wij. If we write if,, JT, for the two 
series in the right-hand side of (61), we shall find that 

« ~ 47rc» [((?■- a?) (c' - a» - 67 



if. 



6W 



+ 



a'b 



1 



+ ... 



.(54), 



2\2 






+ 



8L8 



a«6 



+ ... 



and 



(c' ^ a' - b') {{(f - ay - bYY'^ '" ] "'^^^^' 
P = -2{M,-\-N,) (56). 



From the above formulae it appears that M^ is of the order c"*, 
and N^ of the order c"*. . 



239. The value of the portion of F^ which depends on the 
square of the velocity is more diflScult to obtain, and we shall 
content ourselves with obtaining an approximate value as &x as 
the term c~\ 

Let us now put u = a\ v = 6*6, and let P^ denote zonal har- 
monics when the origin is at A and axis BA, and P'^ similar 
quantities when the origin is at B, 

Near the surface of B 



<^.=<^« 



.2n+l 



iJ" + 



and 



V 



<^, = -i+S.-B«i^" + 



(n + 1) Br*'j 



(n + 1) ir'\ 



P\, + const.. 



■ P. + const. 
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Dropping the accents for the present and writing G^ for the 
coeflScient of P^ in the value of <^, we obtain 

•^ -1 

Since P^ is unchanged when — /tt is written for fi. 



•' -1 

Hence Q = 42 (7„0, f PJ", ^d^L, 

the summation extending to all positive integral values of m, n 
except m = n. Let 

Tben f ^P„P^^fi = f PJ\d,i + f <^d^, 



-f 



^ dfjb. 



Now (Ferrers* Spherical Harmonics, § 24), 

<^ I |!L(^+l)p ,p _p ) 

(m-n)(m + w + l) I 2n + l "' ^ "+' »-"' 

_ m (m + 1) _ p 

2m + 1 " ^ ■"+' *»->' I ■ 

Hence I <l>d/A vanishes unless 7w = n + lorn — 1 and its values 

•^ -1 

in the two cases are 

2 (m + 1) , 2m 



(2m + l)(2m + 3) (2m- 1) (2m+ 1) * 

240. Putting m = 0, r' = JB in (34) and (35) we obtain 



^= Pq (n + l)P,r (ri + l)(rz + 2)P/ 
{"YP^ ^ P\ . (n + l)P/i? . (n4-l)(n + 2)P,i?^ . 

Now if B were absent, the value of <^j would be 

^1 = ":^- 



....(57). 
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The value of this near B is 

In order to make the velocity at the surface of B vanish, we 
must add the series 

Transforming each term of the last series by means of (67), the 
value of 4>t near A becomes 

Adding the proper series, the value of <f>^ near A becomes 

*^ = -r"2? + 2?r+2?j^^+ (^^)- 

The added term produces at £ a constant term of the order 
c"^, which contributes nothing to the pressure, hence the value of 
0j near B is 

Changing P^ into — P/, it follows from (58) that the value of 
<^j near B is 

*'-ht-t{^-m)^' » 

whence the value of ^ near B is 

^~ OoC. • • • 

Putting in this iZ = 6, we obtain 
Therefore Q = 2[ (fy^'fjidfi 






Sc" 
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Also by (45) 



Restoring the values of u and v, we obtain 

By (54), (55) and (56) 

^ 2a*6d 2aV6 , . , . .^ 

P = 5 5 higher powers of c . 

c c 

Therefore by (46) the force depending on the square of the 
velocity 

= T~ (^^)' 

which varies as c~". 

Hence ^, = _ 2,r6» | (if, + iV,) - ^ . 

The value of P^ the force on A towards B, can be obtained by 
symmetrically interchanging a and 6. 

24L If we neglect all powers of c"* above the second 

„ 27r6' d ,, . 

Let a = a + a sm -^- , 

6 = 6 + ^sin^(^-6), 

so that a, b denote the mean values of the radii. The mean value 
of F^ will be 



47r r^ 
= jTi j aVdbdt 



j^ (dS)' a/3 j cos -^ cos -^ (« - e) d< 
87r»d^6»a/3_ 27r6 ^ 
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Hence if the spheres are pulsating in the same periodic time 
they 'urill attract one another when their phases differ hy less than 
a quarter of a period ; hut if the phases differ hy more than a 
quarter and less than three quarters of a period, they tfrill repel one 
another. 



EXAMPLES. 

1. An infinite liquid contains a fixed sphere of radius b, and a 
sphere of radius a and mass M fastened to a spiral spring per- 
forming small oscillations in the line joining the spring to the 
centre of the sphere. Prove that if a and b are so small (or c so 
large) that we may neglect powers of a/c and h/c above the sixth, 
the time of oscillation is 






where M^ is the mass of the liquid displaced by the moving 
sphere, T the time of oscillation if the fixed sphere were removed 
from the liquid, and c the mean distance between the centres of 
the spheres. 

2. An infinite mass of liquid is divided into two parts by an 
infinite rigid plane, and a sphere is moving in the liquid in a line 
perpendicular to the plane. Explain by general reasoning what 
will be the effect of making a circular opening in the plane with 
its centre in the line of motion of the sphere, when the sphere is 
moving (i) towards the plane, (ii) from the plane. 

^^ • 

3. Two equal small spheres of mass m and radius a, which 

attract each other with a force equal to the product of their 
masses divided by the square of the distance between them, move 
in a straight line towards each other in an infinite liquid. If \ is 
the ratio of the density of the liquid to that of the spheres, and x 
the distance between their centres ; prove that so long as (a/x)* 
and higher powers can be neglected, the velocity of either sphere is 



X s/m (1 4- ^X) 
{^ + jX(^»+3a»)}*' 

the motion beginning when the spheres are at an infinite distance 
apart. 
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4. If a spherical vessel of radius a contain a concentric sphere 
of radius b and density a; the intermediate space being filled with 
liquid of density p, prove that if the vessel be moved with velocity 
U, the concentric sphere will move forward with relative velocity 



5, An impulse / is applied to one of two spheres, perpen- 
dicular to the line joining their centres. Prove that with the 
notation of § 229, both spheres will begin to move parallel to the 
direction of the impulse and in opposite directions, and that their 
velocities v^, v^ are determined by the equations 



C B' A'C-R'' 

6. Liquid of unit density fills the space between two con- 
centric spheres. The outer one whose radius is b and the inner 
one whose radius is a, is suddenly distorted in such a manner that 
the velocity at any point of its surface is cF(d, -p), with the 
condition that its volume remains unaltered. Find the velocity 
potential of the liquid, and prove that when F {$, <^) is a zonal 
harmonic of degree n, the kinetic energy of the liquid is 

2a' [nfc"*' + (n-l- 1) a'"*') ire* 
n(/H-l)(2«+l)(6*""-a"™) ' 

7. Liquid is confined within a sphere of radius b ; and a solid 
sphere of radius a is moving with velocity v along a radius 
of the fixed sphere. Prove that if the distance x between the 
centres of the two spheres is small compared with b, the velocity 
potential is approximately equal to 

-i„-{(j.+,¥)».«(i+|^:)(3c„v-i)}, 

the origin being the centre of the fixed sphere. 

8. The space between a spherical envelope and a solid 
concentric sphere is filled with liquid which is at rest. If the 
outer surface is moved so that at each point its velocity is a 
spherical surface harmonic Y^, prove that the solid sphere will 
remain at rest, unless n = 1 . 

B. 17 
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9. Prove that the augmented inertia of a ball pendulum of 
radios a oscillating in a spherical envelope of radios 6 is 

where M is the mass of the liqoid displaced. 

10. A string of length /— a is attached to a sphere of radios 
a and mass m, by means of some mechanical arrangement which 
prevents the sphere from rotating. The other end of the string is 
attached to a fixed point, and the system is sorroonded by a 
liqoid of onlimited extent, which is boonded by a fixed plane. 
Prove that if the string is initially at right angles to the plane, 
and sphere is projected perpendicolarly to the string, with velocity 
F, the tension of the latter will be eqoal to 

9 JrPma' cos' g 
2(2m + Jf)c* ' 

where ^c is the distance of the fixed point from the plane, 
the angle which the string makes with its initial position, M 
the mass of the liqoid displaced by the sphere, and powers higher 
than c"* are neglected. 



APPENDIX. 

I. To 'prove the equcUion 

p = kp^. 

The laws of Boyle and Charles show that the pressure, volume, and 
temperature of a gas are connected by the relation 

pv = M (1), 

where i? is a constant, and 6 is the temperature measured from the 
absolute zero of the air thermometer, i.e. from — 270° C. 

Let a quantity dH of heat be communicated to the gas ; the effect of 
communicating this amount of heat will be to change the pressure, 
volume, and temperature of the gas, and since by (1) the volume is a 
function of the pressure and temperature we may put 

dH=Kpde + Xdp (2), 

where Kp is the specific heat at constant pressure. From (1) we have 

dO dp dv 

"g'-^'^lT ^^^' 

whence eliminating dp from (2) we obtain 

whence if ^^ be the specific heat at constant volume 

^„=^p + ^ (4). 

Let us now suppose that the gas experiences a small change of 
volume but without loss or gain of heat, then dH=0, and (2) becomes 

KpdO + Xdp^O. 

Eliminating 6 and X by means of (3) and (4), and putting y = Kp/K^, 
we obtain 

— + y — = (5). 

p ' V ^ ' 

Now it is an experimental fact that y is independent of the pressure, 
temperature or volume, whence integrating (5) we obtain 

pv^ = const., 
or p = kp*, 

where p is the density. 
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II. To express the value of R (see page 320) 
JiincCiona. 

The value of S is 

^-'" l'"^^'(l-?"T/ 

and we have to express this series in terms of elliptic functions, 
§ 124 it foUoWB that the value of H or {F + L) p-' is 

1-,* 




^„,^. ^-a+e-)j-2.r . 4,^2- »Jlif)i" 



= iTTC'S. 



Hl^:-'-'-]-<^'- 



Now ^^ an' ^x/^ = ^ (JiT- -S) - 2^ 



Changing a; into x + nrJC/K w 



Adding we obtain 
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n(l + ,-) 


Bec'iii + 


?«1 


+ rt 
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- 2, COS « + ,■)■ 



3 (i'--K) 

.■&M + ioo.ee.l«-'f4«2!S=^|...(3). 

' ' * "^ {l-2qeoax + q^y ^ ' 

The required aeries is equal to the limit of the right-hand aide of (3) 
when x — ^i that is 



'{?'--> -<i^}- 



III. Professor Creenhill has kindly worked out the foUowing 
investigation o£ the Motion under no forces of a Solid of Revolution in 
Infinite Liquid, by Weierstrass'a functions. 

Taking the expression (4) for the kinetic energy T of the solid of 
revolution and of the surrounding infinite frictionlesa liquid givt 
g 181, but writing;!, q, r instead of <0i, uij, 1U3 respectively, then 
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and employing this in the equations of motion of § 167, supposing there 
are no impressed forces ; then since 

dT J, dT ^ dT J. 

^=^^' 5^;=^^' dw^^"^'^ 

dT , dT , dT ^ 

the equations of motion become 

P^-Pvr-^Etoq =0 (1), 

di} 
P-^ -Bwp + Pw =0 (2), 

R~-Puq+Pvp =0 (3), 

A^-{A-C)qr-(P-R)vw = (4), 

A'^ + {A-G)i)r + {P-R)uw=(i (5), 

<^% =0 <«)• 

Equation (6) shows that r is constant during the motion ; and from 
the other equations we can obtain three first integrals of the equations 
of motion. 

80 that \P (w» + ir») + \Rv^ + \A (p^ + ^) + ^Cr" = T (7), 

a constant, the constant value of the kinetic energy during the motion. 

Secondly, P^(u^^^v^^ + R^wf^ =0, 

so that F'{u' + v') + £!'t4i' = F^ (8), 

a constant ; and then F represents the resultant linear momentum of 
the system. 

so that AP{up + vq)'^CRwr = G (9), 

a constant; and then G may be taken to represent the constant angular 
momentum of the system. 

From equations (7), (8), (9), 



F^ /I 1 \ 



^. , G-CRw r 
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80 that from equation (3) 

= P'{(u^ + i^)(p' + q')-(v^ + vqy] 



a quartic function of Ew, so that Bw is an elliptic function of the time 
ty which we shall proceed to express by means of the notation of 
Weierstrass. 

Putting, for the moment, — ^ =x = cos 0, then 

where oJq, a3i, ajg* ^ denote the roots of the quartic in a;, arranged in 
descending order of magnitude ; also 

Now put x — Xq = 

then x — Xy = 



X — x^ — 



» — a a — Cg 
where Cj, e^ 63 are the roots of the discriminating cubic of the quartic 

^s^-g^-gs= 0, 
^2 and ^3 being the quadrinvariant and the cubin variant. 

Then (^X - ^ rl - i W *' ^-9^-9» 

and we may choose 2>, so that 

so that now, with Weierstrass's notation (Halphen, Traite des fonctiona 
elliptiquea et de lewrs applications^ Paris, 1886), 

« = p (<(Oi/T + 0)3), 

(Oj and (1)3 denoting the real and imaginary half periods of the elliptic 
functions, and t the time of oscillation ; the imaginary half period coj 
being added in order to make s oscillate between e^ and 63, and therefore 
X between x^ and x^. 
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Then the time of oscillation t is given by 

We may write pc instead of d ; and use ipu instead of p (^/t + cdj) 
for brevity, and then D -- p'c, and 

_ —p'c 
pw— pc 

_ —p'c pw— Ci 
pM— pc pc — ei 

-p'c pu-c; 

p^6— pc pc — Cg 

-p'c xm-eo 

pw- pc pc - C3 

and then, as explained in the Proceedings of the London Mathematical 
Society^ vol. xvii., p. 279, 1886, introducing the function fw, defined by 

pc 

^ p" (C f (1) 1) __ 

p (c + ctfi) 
and p2c, p'2c are the coefficients of a^ and x respectively in the quartic 

(x - Xq) (x - aji)(a5 - x^){x - x^) ; 

also a. = {(t, + c)-(;(u-c)-(;2c = i2>:i4^LP|?. 

^ /*v /* ^p(w-c)- p2c 

Taking the axis OZ in the direction of the resultant impulse F 
(fig. p. 166), then 

Pu = --Fsin^cos<^, Pi? = i^sin^sin<^, Ew = FcosO, 

and F {up + vq) = F sin {—p cos <^ + g sin <^), 

= i^sin^^^; 
dt' 



so that equation (9) becomes 



or, using x to denote cos 0, 



= G- CFr cos 0, 



AFsin^O^=G-GBwr, 
at 



# 6? - CFrx G + CFr 1 G-CFr 1 

(^« ili^(l-ar»)"* ii^ l+aj"*"* ili^ 1-a;' 

the equation to determine the azimuthal motion </r. 
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Aa explained in the Ptoc. London Math. Soc, vol. xvir. p. 280, 
writing V. for tut^jr + tijj, this equation becomes 

du (pa — pi!)(j)M - pa) (pi - pc)(pM - p6)' 
a and b being the values of u which make cos 6 = ~\ or + 1, respectively. 

dtM pa— pc pM-pa p6~pc pw — p6 

. f (a tc) + J(«-c)-2Jo-J(„ + <,)*?(„-„) + -2Ja 
+ £(i + e)4-£(6-») + 2£i-£(«*l) + {{«-6)-2», 

where P^ £(» + «> + ^(■•- ') + £(»*') + £(» "* 



v/^(»-«)>'(»-»)' 



Taking a point on the axis OC at unit distance from 0, the pro- 
jectiou of the motion of this point on a plane througli perpendicular 
to OZ will be given by 



■" il:::!:!:!!) "-'-*^")' 



In a similar manner, by means of the equation 

, d , , . „. . .up + vg Rw 

-laios(J^-B'"') — +V-tr-iS?X' 

we can express u + iv by means of Weierstrass's er functions ; and the 
same method can be applied to the expression of p + iq and also of 
x + ii/, X and i/ now denoting the coordinates of with respect to fixed 
axes in a plane perpendicular to the direction of the resultant impulse /", 
It will be noticed that the letter m has been used in two senses, 
first aa expressing a component velocity of translation, and secondly aa 
an abbreviation for tiojr + oi, ; this was unavoidable in order to reconcile 
the diflerent notations, but will not be found to lead to confusion. 
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